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Abstract

This paper studies Mean Field Games (MFGs) in which agent dynamics are given by jump
processes of controlled intensity, with mean-field interaction via the controls and affecting the
jump intensities. We establish the existence of MFG equilibria in a general discrete-time setting,
and prove a limit theorem as the time discretization goes to zero, establishing equilibria in the
continuous-time setting for a class of MFGs of intensity control. This motivates numerical
schemes that involve directly solving discrete-time games as opposed to coupled Hamilton-
Jacobi-Bellman and Kolmogorov equations. As an example of the general theory, we consider
cryptocurrency mining competition, modeled as an MFG both in continuous and discrete time,
and illustrate the effectiveness of the discrete-time algorithm to solve it.

1 Introduction

The study of Mean Field Games (MFGs) dates back to the foundational papers [21] and [26], and we
refer to [12] for a comprehensive review of the literature, most of which has focused on continuous-
time models. There are comparatively few works treating discrete-time setups, of which we highlight
[17], which considers a finite state and horizon setup where agents control their transition probabil-
ities, [10] which allows for a Polish state space incorporating mean-field interactions only through
the costs, and a discrete-time MFG with countable state space studied in [1]. Additionally, [30],
[29], and [31] consider linear dynamics in a variety of discrete-time settings, and [32] analyzes the
infinite-horizon discounted-cost problem with a Polish state space and MFG interaction via the
states, among others.

Motivated by the cryptocurrency mining MFG model in [28], we study a class of problems set
both in discrete-time and continuous-time in which the controlled dynamics follow a jump Markov
process and the mean-field interaction is via the controls. The latter property complicates the
continuous-time analysis due to the loss of regularity in the control measure flow when compared to
the state measure flow in the more typical setup involving mean-field interactions of state. MFGs
with jump process dynamics in the continuous-time and finite state setting are considered in [5, 16],
where agents’ controls are their transition probabilities and they interact via the empirical (joint)
state measures. The techniques involved are primarily based on ODE and PDE methods related
to the associated master equations. We also mention [3] and [4] which study mean field game
models for queuing systems under heavy-traffic scaling, including numerical approximation and
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convergence from large strategic-server systems. A probabilistic treatment of MFGs with jumps
is given in [6], where relaxed controls are used in a weak formulation to provide general existence
results for MFGs with jump-diffusion dynamics where both jump size and intensity are controlled,
and where the mean-field interaction is limited to the states. In our analysis, we also utilize relaxed
control techniques as developed in [25] for diffusion MFGs of state and [13] for diffusion MFGs of
control. Our results complement [8, 34], and directly apply to the cryptocurrency MFG model from
[28] for which we provide theoretical existence guarantees.

We begin our analysis by considering discrete-time finite-horizon MFGs in Section 2, in which we
let the state, noise, and control spaces be arbitrary Polish, and consider general transition dynamics.
Following the construction from [32] which in turn was inspired by [22], we characterize the MFG
equilibria as fixed points of a set-valued operator and establish fixed-point existence by way of
Kakutani’s theorem. In comparison to [32], we allow for mean-field interaction via the controls,
and prove existence in the finite-time horizon setting under a weaker growth assumption on the
transition dynamics.

In Section 3, we consider a concrete continuous-time MFG with state dynamics given by a jump
process and prove that it arises as the limit of analogous discrete-time models. We assume that the
drift and the intensity coefficients do not depend on the state process, and the MFG interaction
is via the controls affecting only the intensity but not the drift of the agent’s jump processes. We
consider this concrete setup in order to avoid routine but technical details which can be found in
the classical approximations literature for stochastic optimal control including [14, 23, 24].

In Section 4, we apply our results from Sections 2 and 3 to establish MFG existence for the
cryptocurrency mining MFG model of [28] as well as its discrete-time analogue. We compute the
discrete-time MFG using damped fixed-point iterations, and reproduce the qualitative equilibrium
behavior which was established in [28] using a finite difference scheme for the associated coupled
PDEs. We remark on the uniqueness of equilibrium in Section 4.4.

Notation and Terminology: For an integer d, let Sd denote the d-dimensional simplex, [d] :=
{1, 2, · · · , d}, and define ∆i : R

d → Rd by ∆ix := (x1−xi, x2−xi, · · · , xd−xi). Given a Polish space
X , let B(X ) denote the Borel σ-algebra on X and let P(X ) denote the set of probability measures on
(X ,B(X )). Also, M(X ) will denote the set of non-negative finite measures on (X ,B(X )). We endow
these spaces with the weak topology, i.e., µn → µ if limn→∞

∫
X fdµn =

∫
X fdµ for any continuous

and bounded f : X → R. To emphasize convergence in the weak sense, we write µn ⇒ µ, or if
the objects are probability measures, µn

L,n→∞−−−−−→ µ. Let R≥0 denote the non-negative reals. For a
random variable X, L(X) denotes its distribution. For µ ∈ P(X ), δ{a} denotes the Dirac measure
located at a ∈ X . If X ⊆ R we write µ :=

∫
X xµ(dx) for the mean of the distribution. We say that

a sequence of maps gn : X → R converge continuously to g : X → R if whenever xn
n→∞−−−→ x, we

have that gn(xn)
n→∞−−−→ g(x).

2 Mean Field Games in Discrete Time

This section establishes the existence of equilibria for discrete-time, finite-horizon MFGs where the
mean-field interaction, which affects the dynamics and costs, is through both the controls and states.
We motivate the problem by first introducing the N -player game.
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2.1 N-Player Game Formulation

We begin with the following N -player setup, where:

• The agents’ state processes take values in a Polish space X and evolve in discrete time steps
k = 0, 1, 2, . . . , T . We denote by xik the state of agent i ∈ [N ] := {1, 2, . . . , N} at time k.

• The initial states xi0 are drawn i.i.d. from a measure µ0 ∈ P(X ).

• The action space U is assumed to be Polish, aik ∈ U denotes the action of agent i ∈ [N ] at
time k, and ek := (eck, e

s
k) ∈ P(U) × P(X ) denotes the empirical distribution of the agents’

controls and states at time k.

• The transition dynamics of each agent are given by a Markov transition kernel

ρ : X × U × P(U)× P(X ) → P(X ) so that xik+1 ∼ ρ(·|xik, aik, eck, esk)

for each k = 0, 1, 2, . . . , T − 1.

A control policy for player i consists of a sequence (πi
k)

T
k=0 of P(U)-valued random variables adapted

to the filtration

F i
0 := σ(xi0, e

s
0), F i

k := σ
(
F i
k−1 ∪ σ(xik, a

i
k−1, e

c
k−1, e

s
k)
)
, for all k = 1, 2, . . . , T.

Conditioned on F i
k, the action aik of agent i is drawn randomly (and independent of any other

random quantity) from the distribution πi
k (i.e. aik ∼ πi

k).

The last step in the specification of the model is to define the optimality criterion, which is in
terms of the one-step running and terminal cost functions

c : X × U × P(U)× P(X ) → [0,∞), φ : X × P(U)× P(X ) → [0,∞).

Fixing an N -tuple of control policies π(N) := (πN,1, πN,2, . . . , πN,N ), the i-th agent incurs a cost

J i(π(N)) := J i(πN,i, πN,−i) := Eπ(N)
[ T−1∑
k=0

c(xik, a
i
k, ek) + φ(xiT , eT )

]
,

where the superscript π(N) on the expectation denotes that the control actions of the agents are
determined according to their respective policies from π(N), and where πN,−i denotes the policies of
all agents except for the i-th one. Agents wish to select their respective policies to minimize costs,
and a solution to the N -player game consists of an equilibrium, which is a joint policy π̃(N) such
that

J i(π̃(N)) = inf
π

J i(π, π̃N,−i),

for every i = 1, . . . , N . This completes the N -player game setup.

2.2 Mean Field Game Formulation

We proceed with the representative agent problem which characterizes the corresponding MFG.
We denote the state and control of the representative agent at time k by xk ∈ X and ak ∈ U ,
respectively. In this case, the representative agent has identical dynamics as in the N -player game,
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but the sequences of empirical measures (esk)
T
k=0 and (eck)

T
k=0 are taken to be deterministic. Denoting

δk = (eck, e
s
k) ∈ P(U)× P(X ), the dynamics follow

xk+1 ∼ ρ(·|xk, ak, δk), al ∼ πl(·|xl), k = 0, 1, . . . , T − 1, l = 0, 1, . . . , T (2.1)

where, because δ := (δk)
T
k=0 is now a parameter, control policies become random measures adapted

to the filtration of the state process. We let Π denote the set of such policies, but will in fact search
for an optimal policy within the following smaller set of Markov control policies.

The transition kernel depends only on the marginal state and control laws. Joint state-action
laws are used later in the fixed-point construction so that randomized Markov controls can be
recovered by disintegration.

Definition 2.1. A control policy is called Markov if it is a sequence (πk)
T
k=0 where each πk is

measurable w.r.t. σ(xk). Under such a policy, the measure πk(·|xk) used to generate the control at
a given time k depends only on the state at that time. We denote by M the set of all such policies.

It is well known that in a Markov Decision Problem (MDP) setting, the restriction to Markov
policies does not result in a larger value function (see for example [32, Proposition 3.2]). Given
a fixed sequence of probability measures δ := (δk)

T
k=0 ⊆ P(U) × P(X ), the representative agent’s

control problem consists of determining a Markov policy π∗ such that

J(π∗, δ) = inf
π∈M

J(π, δ) for J(π, δ) := Eπ
[ T−1∑
k=0

c(xk, ak, δk) + φ(xT , δT )
]
,

with dynamics given by (2.1).

For convenience in defining an MFG equilibrium, we introduce

Φ : (P(U)× P(X ))T+1 → 2Π by Φ(δ) := {π∗ ∈ Π : π∗ minimizes J(·, δ)}.

We additionally define a map Λ : Π → (P(U) × P(X ))T+1 by constructing Λ(π) := (δck, δ
s
k)

T
k=0

iteratively using the initial state law µ0 as follows: First, set δs0 = µ0. For all other k ≥ 0, define

δck(·) =
∫
X
Pπ
k (·|x)δsk(dx), δsk+1(·) =

∫
X

∫
U
ρ(·|x, a, δk)Pπ

k (da|x)δsk(dx),

where Pπ
k (·|x) denotes the conditional law of ak given the event {xk = x} under the fixed flow of

measures δ and control policy π which specify the dynamics. The above equations are analogous
to the Kolmogorov PDE in continuous-time and δ = Λ(π) represents the sequence of distributions
over the control and state space in the infinite-player limit when all agents use policy π and are
initially distributed on the state space according to µ0. The maps Λ and Φ allow us to define the
equilibrium compactly.

Definition 2.2. A pair (π, δ) ∈M× (P(U)× P(X ))T+1 is called an MFG equilibrium if and only
if

π ∈ Φ(δ) and δ = Λ(π).

As discussed immediately following Definition 2.1, the restriction to Markov policies has no
impact on the value function, thus an MFG equilibrium over policies inM is also an MFG equilibrium
over policies in Π. Our approach to establish an existence theorem is to construct a set-valued
operator whose fixed points correspond to MFG equilibria and use Kakutani’s fixed-point theorem
to guarantee the existence of a fixed point. We closely follow the structure from the proof of
[32, Theorem 3.3]. In the next two subsections, we construct spaces for the set-valued operator
and specify its construction, establish that its fixed points correspond to equilibria, and prove the
existence of fixed points. We now proceed with the required assumptions.
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2.3 Model Assumptions

This section contains the assumptions required for the existence of an MFG equilibrium. Fix a
continuous moment w : X → [1,∞) on the state space, which is a map for which there exists a
sequence of compact sets (Hn)

∞
n=1 ⊆ X which are increasing (in the sense that Hn ⊆ Hn+1 for

every n), such that limn→∞ infx∈X\Hn
w(x) = ∞, and which satisfies w(·) ≥ 1+ dX (·, x0)p for some

x0 ∈ X and some p ≥ 1, where dX denotes a metric on X compatible with its topology.

To treat two cases simultaneously, let v := 1 be the function of X identically equal to one when
both c and φ are assumed bounded, and v := w otherwise. Slightly abusing notation by using the
same name for each, we define the v-norm on maps g : X → R and on measures µ ∈ P(X ) by

∥g∥v := sup
x∈X

|g(x)|
v(x)

and ∥µ∥v :=

∫
X
v(x)µ(dx).

Moreover, we let Bv(X ) denote the space of all real-valued measurable functions on X with finite
v-norm and let Cv(X ) ⊆ Bv(X ) denote the subset of continuous functions. Both of these are Banach
spaces: If v = 1, this is an elementary result, and the v = w case follows from almost identical
arguments as the v = 1 case. Finally, we define

Pv(X ) := {µ ∈ P(X ) :∥µ∥v < ∞} = {µ ∈ P(X ) :

∫
X
v(x)µ(dx) < ∞}. (2.2)

The following are the main assumptions required for the equilibrium existence theorem.

Assumption 2.3.

(i) The maps c and φ are continuous.

(ii) U is compact and X is locally compact (every point has a compact neighborhood).

(iii) There exists a constant α ≥ 1 such that

sup
(a,δc,δs)∈U×P(U)×P(X )

∫
X
w(y)ρ(dy|x, a, δc, δs) ≤ αw(x) for all x ∈ X .

(iv) The stochastic kernel ρ is weakly continuous in the sense that if (xn, an, δcn, δsn)
n→∞−−−→ (x, a, δc, δs),

then ρ(·|(xn, an, δcn, δsn))
n→∞−−−→ ρ(·|(x, a, δc, δs)) under the topology of weak convergence. In ad-

dition,
∫
X w(y)ρ(dy|x, a, δc, δs) is continuous in the variables x, a, δc, and δs.

(v) The initial law µ0 satisfies M :=
∫
X v(x)µ0(dx) < ∞.

(vi) There exists R > 0 satisfying

sup
(a,δ)∈U×P(U)×P(X )

c(x, a, δ) ≤ R v(x), and sup
δ∈P(U)×P(X )

φ(x, δ) ≤ R v(x), ∀x ∈ X .

Before proceeding, we note that Assumption 2.3.(iii) and Assumption 2.3.(vi) ensure uniform
control of moments and costs, which is essential for keeping the sequence of measures tight and
bounded in the v-norm. In particular, Assumption 2.3.(iii) propagates moment bounds through the
dynamics, while Assumption 2.3(vi) guarantees uniform bounds on costs and value functions via
the Bellman operator. These conditions are therefore key to the compactness and norm estimates
required in the fixed-point argument. Finally, we note that all the results in this section can be
generalized to the time-inhomogeneous setting where the transition kernels depend on time if we
assume that (iii) and (iv) hold for any choice of time index. For simplicity of setup and notation,
we do not pursue this extension here.
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2.4 Existence of MFG Equilibria

This section contains a proof of the following existence theorem.

Theorem 2.4. Under Assumption 2.3, there exists an MFG equilibrium in the sense of Definition
2.2.

The proof can be found at the end of the current section. Before proceeding with it, we introduce
some required notions and construct a set-valued map whose fixed points correspond to MFG
equilibria.

Definition 2.5. (Value Function) Consider the non-homogeneous Markov Decision Process whose
k-th step transition kernel is given by ρ(·|x, a, δk), for a fixed flow of measures δ := (δk)

T
k=0 and costs

as defined above. We let V δ
k : X → R denote the value function at time k = 0, 1, . . . , T . In other

words, we define V δ
T := φ and iteratively define

V δ
k (x) := min

a∈U

(
c(x, a, δk) +

∫
X
V δ
k+1(y)ρ(dy|x, a, δk)

)
for k = 0, 1, 2, · · · , T − 1. Furthermore, let V δ := (V δ

k )
T
k=0.

Recall that M =
∫
X v(x)µ0(dx) and the definition of Pv(X ) in (2.2). We now define the spaces

Pk
v (X ) := {µ ∈ Pv(X ) :

∫
X
w(x)µ(dx) ≤ αkM},

Pk
v (X × U) := {µ ∈ P(X × U) : µ1 ∈ Pk

v (X )},
where in the second set, µ1 denotes the state marginal of µ (i.e. µ1(·) = µ(· × U)). Taking R and
α as in Assumption 2.3, define for k = 0, 1, . . . , T

Lk = R
T−k∑
l=0

αl and observe that Lk = R+ αLk+1 for every k = 0, 1, 2, · · · , T − 1.

Next, define for every k = 0, 1, . . . , T

Ck
v (X ) := {u ∈ Cv(X ) :∥u∥v ≤ Lk}, C :=

T∏
k=0

Ck
v (X ), Ξ :=

T∏
k=0

Pk
v (X × U).

The following lemma establishes regularity properties of the value function that will be required
later.

Lemma 2.6. For any ν ∈ Ξ we have that V ν ∈ C.

Proof. First, observe that by definition V ν
T = φ ∈ CT

v . Inductively, we have

1

v(x)
V ν
k (x) = min

a∈U

[ 1

v(x)
c(x, a, νk) +

∫
X

1

v(x)
V ν
k+1(y)ρ(dy|x, a, νk)

]
≤ min

a∈U

[
R+

1

v(x)

∫
X
Lk+1v(y)ρ(dy|x, a, νk)

]
≤ R+ αLk+1 = Lk.

By assumption, φ is continuous and thus inductively, and using [7, Proposition 7.32], which estab-
lishes that the Bellman operator (see the following definition) preserves continuity, continuity of all
the value functions follows.
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Definition 2.7. (Bellman operator) For a given ν ∈ Ξ, the Bellman operator acting on maps
u : X → R is defined by setting

T ν
k u(x) := min

a∈U

[
c(x, a, νk) +

∫
X
u(y)ρ(dy|x, a, νk)

]
for k = 0, 1, 2, . . . , T,

and defining the operator T ν : C → C by

(T νu)k :=

{
T ν
k uk+1 for k = 0, 1, · · · , T − 1

φ for k = T.

By definition, the value function is a fixed point of this operator. The following result establishes
that in fact T ν maps C into itself, and will be required when applying Kakutani’s theorem.

Lemma 2.8. Let ν ∈ Ξ be arbitrary. Then for all k = 0, 1, . . . , T−1 the operator T ν
k maps Ck+1

v (X )
into Ck

v (X ).

Proof. Let u ∈ Ck+1
v (X ). Since the Bellman operator preserves continuity (see [7, Proposition 7.32])

we immediately have that T ν
k u is continuous. Because

∥∥T ν
k u
∥∥
v
= sup

x∈X

|(T ν
k u)(x)|
v(x)

= sup
x∈X

∣∣∣mina∈U

[
c(x, a, νk) +

∫
X u(y)ρ(dy|x, a, νk)

]∣∣∣
v(x)

≤ sup
(x,a)∈X×U

c(x, a, νk) +
∫
X |u(y)|ρ(dy|x, a, νk)
v(x)

≤ sup
(x,a)∈X×U

c(x, a, νk) + Lk+1

∫
X v(y)ρ(dy|x, a, νk)

v(x)

≤ sup
(x,a)∈X×U

Rv(x) + αLk+1v(x)

v(x)
= Lk,

it follows that T ν
k u ∈ Ck

v (X ), as claimed.

We are ready to define a set-valued operator whose fixed points will correspond to MFG equilibria.
Recall that a pair (π, δ) ∈ Π×(P(U)×P(X ))T+1 is an MFG equilibrium if and only if we have both
π ∈ Φ(δ) (optimality) and δ ∈ Λ(π) (consistency). Let Γ : Ξ → 2P(X×U)T+1 denote a set-valued
operator defined by Γ(ν) = C(ν) ∩B(ν) where

C(ν) :=
{
ν ′ ∈ P(X × U)T+1 :

ν ′k+1,1(·) =
∫
X×U

ρ(·|x, a, νk)νk(dx, da) for every k ≥ 0, ν ′0,1 = µ0

}
,

B(ν) :=
{
ν ′ ∈ P(X × U)T+1 :

ν ′k

({
(x, a) : c(x, a, νk) +

∫
X
V ν
k+1(y)ρ(dy|x, a, νk) = T ν

k V
ν
k+1(x)

})
= 1 for every k ≥ 0

}
.

Lemma 2.9. Given a fixed point ν of Γ, one can obtain a MFG equilibrium via disintegration.
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Proof. Let ν ∈ Ξ be a fixed point of Γ. We then define a Markov randomized control policy by
disintegrating the measure νk into its marginal on X and the conditional measures, which we define
to be πk. In other words, we have

νk(dx, da) = πk(da|x)νsk(dx) for every k = 0, 1, 2, · · · , T.

Writing π := (πk)
T
k=0, it follows that (ν, π) constitutes an MFG equilibrium for our setup, with

optimality and consistency following from the definitions of C and B above. In particular, optimality
follows because the random control is supported on the set of maximizer of the Bellman operator
(see [20, Theorem 17.1] for a proof of this result).

We are almost ready to complete the MFG equilibrium existence proof by establishing existence
of a fixed point of Γ. Before doing this, however, we prove the following lemma.

Lemma 2.10. For any compact set K ⊆ X and any time step k = 0, 1, . . . , T we have

lim
n→∞

sup
x∈K

|V ν(n)

k (x)− V ν
k (x)| = 0.

Proof. We establish the result by backwards induction on the time step. The result is trivially true
for k = T since V ν(n)

T = V ν
T = φ. Suppose now that the result holds for all time steps k + 1 or

larger. Then we have

sup
x∈K

|V ν(n)

k (x)− Vk(x)| ≤ sup
x∈K,a∈U

|c(x, a, ν(n)k )− c(x, a, νk)|

+ sup
x∈K,a∈U

∣∣∣ ∫
X
V ν(n)

k+1 (y)ρ(dy|x, a, ν
(n)
k )−

∫
X
Vk+1(y)ρ(dy|x, a, νk)

∣∣∣.
Recall that continuous convergence is equivalent to uniform convergence on compact sets when the
limit function is continuous. Using the joint continuity of c in its three arguments, it follows that
c(·, ·, ν(n)k ) converges continuously to c(·, ·, νk). By inductive hypothesis and using [33, Theorem
3.3] with y 7→ Lk+1v(y) the dominating function, we also have continuous convergence of the maps
Gn(x, a) :=

∫
X V ν(n)

k+1 (y)ρ(dy|x, a, ν
(n)
k ) to G(x, a) :=

∫
X V ν

k+1(y)ρ(dy|x, a, νk) and hence uniform
convergence on compacts. As such, both terms above converge to zero and the result follows.

Proof. To show that Γ admits a fixed point, we use [2, 17.55 Corollary (Kakutani–Fan–Glicksberg)].
We follow the arguments from the proof of [32, Theorem 3.3] (in turn adapted from the arguments
of [22]), but due to the finite horizon and less restrictive growth assumptions, we do not have that
the Bellman operator is a contraction. Nevertheless, the direct argument in Lemma 2.10 allows
us to conclude uniform convergence of the value function over compact sets, which is required in
the proof. We must check that Γ maps a non-empty compact convex subset of a locally convex
Hausdorff topological vector-space into itself, and when restricted to this subset, its graph is closed,
and it has non-empty convex values. Of course, our candidate subset is Ξ, and we take the ambient
space to be the T +1-fold tuple of finite, signed measures on X ×U . First, we note that the set Γ(ν)
can be shown to be non-empty via a measurable selector argument as in [22, Theorem 1], which
in turn makes use of the arguments [19, p. 54]. Next, observe that per [18, Proposition E.8] the
set of measures Pk

v (X ) is tight. It can easily be shown that this set is closed in the weak topology,
hence using Prokhorov’s theorem we conclude that it is compact. As U is compact, we conclude
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that Pk
v (X ×U) and thus Ξ are also compact, the latter in the product weak topology. Clearly, Ξ is

convex, thus satisfies the conditions required to use [2, 17.55 Corollary (Kakutani–Fan–Glicksberg)].

We proceed by showing that Γ(ν) ⊆ Ξ for any ν ∈ Ξ. Indeed, it suffices to show that for
an arbitrary ν ∈ Ξ we have that C(ν) ∈ Ξ. As such, let ν ′ ∈ C(ν). We need to check that
ν ′k ∈ Pk

v (X × U) for every k ≥ 0. In other words, we need to check that ν ′k,1 ∈ Pk
v (X ) for all k ≥ 0.

By definition, we know that ν ′0,1 = µ0 thus we have that∫
X
w(x)ν ′0,1(dx) =

∫
X
w(x)µ0(dx) = α0M,

and so by definition, ν ′0,1 ∈ P0
v (X ). For any other k, simply observe that by definition of C(ν), we

have ∫
X
w(y)ν ′k+1,1(dy) =

∫
X×U

∫
X
w(y)ρ(dy|x, a, νk)νk(dx, da)

≤
∫
X×U

αw(x)νk(dx, da) =

∫
X
w(x)ανk,1(dx) ≤ αk+1M,

where the penultimate inequality follows from Assumption 2.3.(iii) and the last inequality by the
fact that ν ∈ Ξ. Convexity of Γ(ν) for ν ∈ Ξ is immediate, due to convexity of each of C(ν) and
B(ν).

It remains to show closedness of the graph of Γ. We follow the arguments from [32, Proposition
3.9] which are in turn based on the proof of [22, Theorem 1]. Let Ξ × Ξ ∋ (ν(n), ζ(n))

n→∞−−−→ (ν, ζ)
where ζ(n) ∈ Γ(ν(n)) for each n ∈ N. We are done if we can show that ζ ∈ Γ(ν). By assumption,
we have

ζ
(n)
k+1,1(·) =

∫
X×U

ρ(·|x, a, ν(n)k )ν
(n)
k (dx, da),

thus ζ ∈ C(ν) follows if we can pass to the limit. Indeed, we note that because Ξ is closed, ζ(n) n→∞−−−→
ζ implies ζ

(n)
k+1

n→∞−−−→ ζk+1 which implies ζ ∈ Ξ. To pass to the limit in the right hand side of the
previous display, let g : X → R be continuous and bounded. Then, by the regularity assumption
Assumption 2.3.(iv) on ρ, we have that (x, a) 7→

∫
X g(y)ρ(dy|x, a, ν(n)k ) converges continuously to

(x, a) 7→
∫
X g(y)ρ(dy|x, a, νk). Using the constant ∥g∥∞ as the dominating function, we apply [33,

Theorem 3.3] to conclude that∫
X×U

∫
X
g(y)ρ(dy|x, a, ν(n)k )ν

(n)
k (dx, da)

n→∞−−−→
∫
X×U

∫
X
g(y)ρ(dy|x, a, νk)νk(dx, da)

hence since g was arbitrary we conclude that∫
X×U

ρ(·|x, a, ν(n)k )ν
(n)
k (dx, da)

w,n→∞−−−−−→
∫
X×U

ρ(·|x, a, νk)νk(dx, da)

as desired. To establish ζ ∈ B(ν), we define the maps

F
(n)
k (x, a) := c(x, a, ν

(n)
k ) +

∫
X
V ν(n)

k+1 (y)ρ(dy|x, a, ν
(n)
k )

for n ∈ N and time-step k. We define F similarly using ν instead of ν(n). By assumption, we have
for a given time step k that

1 = ζ(n)
{
(x, a) : F

(n)
k (x, a) = V ν(n)

k (x)
}

9
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for every n ∈ N. We now pass this optimal-action support condition to the limit. Lemma 2.10,
together with the continuity assumptions on c and ρ, gives local uniform convergence of F (n)

k to Fk

and of V ν(n)

k to V ν
k . Fix ε > 0. By tightness of {ζ(n)k }n≥1 and of ζk, choose a compact set K ⊂ X×U

and a relatively compact open neighborhood G of K, so that G is compact, with ζk(K) > 1 − ε

and, for all large n, ζ(n)k (G) > 1 − ε. On the compact set G, the above local uniform convergence
implies that, for every δ > 0 and all sufficiently large n, the set on which F

(n)
k (x, a) = V ν(n)

k (x) and
which lies in G is contained in

Ak,δ := {(x, a) : |Fk(x, a)− V ν
k (x)| ≤ δ}.

Since Ak,δ is closed, the Portmanteau theorem [9, Theorem 2.1] gives

ζk(Ak,δ) ≥ lim sup
n→∞

ζ
(n)
k (Ak,δ) ≥ 1− ε.

Letting ε ↓ 0 and then δ ↓ 0, and using continuity of Fk − V ν
k , yields

ζk{(x, a) : Fk(x, a) = V ν
k (x)} = 1.

Thus ζ ∈ B(ν). Combining this with the preceding argument, which gives ζ ∈ C(ν), we have
ζ ∈ C(ν) ∩B(ν) = Γ(ν). Hence the graph of Γ is closed.

3 Continuous-Time MFG Equilibria as Discrete-Time Limits

We now turn to the problem of establishing convergence of discrete-time MFG equilibria, as studied
in Section 2, to continuous-time MFG equilibria for models involving jump process dynamics of
controlled intensity, with interaction via the control mean, and with a finite time-horizon. Our
motivation to study this problem is two-fold: first, no general existence result for such dynamics (to
the best of our knowledge) exists in the literature, yet such dynamics have been used in concrete
scenarios such as the cryptocurrency model in [28], with equilibria conjectured to exist from the
convergence of numerical schemes. Second, the discrete-time to continuous-time convergence result
provides rigorous justification for the solving of a discrete-time MFG problem via fixed-point iter-
ations as an approximate solution to the continuous-time MFG, and we illustrate the effectiveness
of this scheme by numerically solving the discrete-time version of the cryptocurrency mining mean
field game studied in [28].

3.1 MFG of Controlled Intensity

Although we prove our convergence result for the relatively simple dynamics in Definition 3.2 be-
low, the result can likely be established for much more general jump-diffusion MFG dynamics. The
dynamics in Definition 3.2 are motivated by the cryptocurrency model discussed in the following sec-
tions. Our method uses the convergence methods for stochastic optimal control problems considered
in detail in [24] and involves weak formulations, relaxed controls, and compactness arguments.

Definition 3.1. (Relaxed Control) Let U denote a compact subset of R. A relaxed control on U
is a random measure m ∈ M(U × [0, T ]) such that, almost surely, m(U × [0, t]) = t for every t ∈
[0, T ]. The relaxed control is admissible w.r.t. a filtration (Ft)t∈[0,T ] iff t 7→ mt(B) is progressively
measurable w.r.t. (Ft)t∈[0,T ] for any fixed B ∈ B(U), where mt(da)dt = m(da, dt).

10
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We make use of relaxed controls because, if (m(n))∞n=1 denotes a sequence of relaxed con-
trols on U (each possibly defined on its own probability space), then their process laws admit a
weak limit. This follows because the subset of M(U × [0, T ]) whose second marginal is Lebesgue,
endowed with the topology of weak convergence of measures, is a compact Polish space. Thus
(L(m(n)))∞n=1 ⊆ P(M(U × [0, T ])) is a tight family and, by Prokhorov’s theorem, admits a weakly
convergent subsequence. In contrast, it would be difficult to extract a limit from the laws of arbitrary
progressively measurable control processes on [0, T ] taking values in U .

Definition 3.2. (Agent Dynamics) Fix an intensity function λ : U2 → R≥0, and constants c > 0
and r > 0. We say that state and jump processes X and N along with a P(U × U)-valued process
π = (πt)t∈[0,T ], all defined on a common filtered probability space (Ω,F ,F := (Ft)t∈[0,T ], P ), satisfy
the dynamics considered herein iff

• π is progressively measurable with respect to F and its second marginal πt(U×·) is deterministic.
We will write

mt(·) := πt(· × U) and ηt(·) := πt(U × ·).

• The processes satisfy

Xt = X0 −
∫ t

0

∫
U
cams(da)ds+ rNt = X0 −

∫ t

0

∫
U
caπs(da× U)ds+ rNt, (3.1)

where N is an F-adapted unit-jump process with stochastic intensity given by

λπ
t :=

∫
U

∫
U
λ(α, h)πt(dα, dh).

We will interpret (mt)t∈[0,T ] as a relaxed control process and (ηt)
T
t=0 as a relaxation of the

average control of the agent population.

Remark 3.3. (Intensity Control Representation) Unlike the more classical controlled diffusion setup
where a Brownian filtration is fixed a priori, the jump process in Definition 3.2 cannot be fixed before
the control process is specified when working with intensity control models. It is therefore convenient
to work under a weak formulation (as done in [23] when establishing limit theorems for stochastic
control problems), where the underlying probability space is allowed to vary with the control. We
refer the reader to [11, Chapter VII.2] for more details on the formulation of jump-intensity control
problems.

By taking U = [0, L] for some L > 0 and taking λ(a, h) = a/(a +Mh) for some large constant
M > 0 representing the number of players, we recover a relaxed version of the dynamics considered
in [28], where (ηt)t∈[0,T ] is interpreted as a relaxation of the background hash-rate of the agent
population (and not the distribution of controls themselves), and X denotes the representative agent
wealth process. In the model from [28], a representative miner in a proof-of-work cryptocurrency
network (such as Bitcoin) selects a hashing rate a ≥ 0 to affect the likelihood of success in block
discovery. Block discoveries arrive according to a Poisson process, and each successful discovery
generates a reward r > 0. However, hashing comes at a marginal cost (of electricity) c > 0, hence
the linear drift in (3.1). The miner’s goal is to maximize expected utility φ of wealth X at time T .

The following characterization [11, T9 Theorem] (due to Watanabe) of a stochastic intensity
Poisson process will be used to characterize limits of discrete-time processes.

11
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Definition 3.4. Let (Nt)t∈[0,T ] be a non-explosive (see [11, Eq 1.2 ]) jump process with unit jumps,
adapted to a filtration F := (Ft)t∈[0,T ], and let λ := (λt)t∈[0,T ] be a F- progressively measurable
process. Then N is a jump process with stochastic intensity λ iff

Nt −
∫ t

0
λs ds, t ∈ [0, T ]

is a martingale.

We now give a precise definition of the weak MFG equilibria that we consider in this section.

Definition 3.5. A relaxed MFG equilibrium of controlled jump intensity for a given intensity func-
tion λ : U2 → R≥0, terminal reward function φ, and constants c > 0 and r > 0, is a tuple
T := (Ω,F ,F, P, π,N,m, η,X) satisfying Definition 3.2, and such that:

• the control is optimal in the sense that for any other tuple (Ω′,F ′,F′, P ′, π′, N ′,m′, η′, X ′)
satisfying Definition 3.2 and such that ηt = η′t for Lebesgue almost every t ∈ [0, T ], we have
that EP [φ(XT )] ≥ EP ′

[φ(X
′
T )];

• and consistency holds, which is the requirement that for Lebesgue almost every t ∈ [0, T ], we
have

E
[ ∫

U
aπt(da|h)

]
=

∫
Ω

∫
U
aπt(ω)(da|h)P (dω) = h

for ηt-almost every h ∈ U , where πt(ω)(da|h)ηt(dh) = πt(ω)(da, dh) (we use slightly different
disintegration notation here due to the presence of time subscripts).

If ηt happens to be a Dirac probability measure for Lebesgue almost every t ∈ [0, T ], then we say
that the MFG equilibrium is sharp. If for almost every ω ∈ Ω, the measure πt(ω)(·|h) is a Dirac for
Lebesgue almost every t ∈ [0, T ] and ηt-almost every h, we say that the MFG equilibrium is of sharp
controls.

Here h is the relaxed population-average control coordinate, while a is the representative agent’s
relaxed control conditional on h. Thus ηt is not the law of individual controls but a relaxation of
the average population control. If ηt is non-Dirac, it represents chattering of the population average
among several values.

In the event where ηt is a Dirac mass at h(t) ∈ U , then h(t) represents the average population
control and we recover E

[ ∫
amt(da)

]
= h(t), which further reduces to E[at] = h(t) in the case

where mt = δ{at} is a sharp control. Note also that integrating both sides of (3.5) we obtain

ηt =

∫
U
hηt(dh) =

∫
U
E
[ ∫

U
aπt(da|h)

]
ηt(dh) = E

[ ∫
aπt(da× U)

]
= E[mt],

as expected.

3.2 Time-Discretized MFG & Convergence Theorem

We aim to establish an MFG existence result for the above setup as a limit of discrete-time MFG
equilibria. We use the following natural (due to the Poisson limit theorem) discrete-time approxi-
mations, indexed by n ∈ N.

12
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Definition 3.6. (Discretization Scheme) Fix a bounded non-negative map λ : U2 → R≥0. For
n ∈ N large enough so that ∥λ∥∞ /2n ≤ 1, the discrete-time state process (x

(n)
k )2

nT
k=0 follows

x
(n)
k+1 ∼ α

(n)
k δ{x(n)

k −(ca
(n)
k /2n)+r}(·) +

(
1− α

(n)
k

)
δ{x(n)

k −(ca
(n)
k /2n)}(·),

where, conditional on (x
(n)
k , a

(n)
k ), the random variable x

(n)
k+1 is independent of all other random

quantities up to time k. We allow for two schemes by taking either:

Scheme 1: α
(n)
k =

1

2n

∫
U
λ(a

(n)
k , h)η

(n)
k (dh), Scheme 2: α

(n)
k =

1

2n
λ(a

(n)
k , η

(n)
k ).

It is assumed that x(n)0 ∼ µ0. The optimality criterion is the maximization of E[φ(x
(n)
2nT )].

In either scheme, (η(n)k )2
nT

k=0 ⊆ P(U), which we shall refer to as the parametrizing sequence, is
a fixed but arbitrary deterministic sequence, and a

(n)
k is the U-valued control at time k. We will

later apply Theorem 2.4 to the transition kernel defined by the discretization schemes, thus we will
have a

(n)
k ∼ π

(n)
k where (π

(n)
k )2

nT
k=0 is a sequence of random probability measures on U , adapted to

the state process filtration. More generally, we say that:

Definition 3.7. (Discrete-time Admissibility) The state/control pair (x(n), a(n)) is admissible for a
given scheme if it is defined on some common probability space equipped with a filtration (Fk)

2nT
k=0 to

which the processes are adapted, and, conditional on Fk, the law of x(n)k+1 is given by the transition
kernel (for the given scheme) from Definition 3.6, for every k = 0, 1, . . . , 2nT − 1. Of course, we
also impose that x(n)0 ∼ µ0.

Remark 3.8. (Relaxed Discrete-Time Controls) When relating optimality of discrete-time models
to continuous-time ones, it will be useful to allow for measure-valued controls in Definition 3.6. For
a P(U)-valued relaxed control process m

(n)
k , the dynamics will follow

x
(n)
k+1 ∼ α

(n)
k δ{x(n)

k −c2−n
∫
am

(n)
k (da)+r}(·) +

(
1− α

(n)
k

)
δ{x(n)

k −c2−n
∫
am

(n)
k (da)}(·),

with
α
(n)
k =

1

2n

∫
U

∫
U
λ(a, h)m

(n)
k (da)η

(n)
k (dh) or α

(n)
k =

1

2n

∫
U
λ(a, η

(n)
k )m

(n)
k (da)

in Scheme 1 and Scheme 2, respectively. Note that in this case, randomized and relaxed controls are
fundamentally distinct.

The convergence theorem will hold under different subsets of the following assumptions.

Assumption 3.9. 1. U is a closed interval, and the intensity function λ is continuous in both of
its variables, and hence uniformly continuous, and bounded given that its domain is compact.

2. µ0 is compactly supported.

3. φ is non-decreasing, continuous and bounded. Also, λ(·, h) is concave, and Lipschitz uniformly
over the choice of h ∈ U .

4. φ is strictly increasing and λ(·, h) is strictly concave for fixed h ∈ U .

13
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Before stating the convergence theorem, we show that there is no gain (in terms of the optimality
criteria) of enlarging from ordinary to relaxed controls in the discrete-time setup.

Lemma 3.10. Suppose that 1, 2, and 3 from Assumption 3.9 hold. Then, under either Scheme 1
or Scheme 2, relaxed controls do not improve the value function.

Proof. By induction, it suffices to establish the claim for the penultimate time-step k = 2nT − 1.
Take a fixed state value x ∈ R and let m

(n)
k denote the measure-valued control at time step k.

Taking some m ∈ P(U) and recalling that φ is assumed non-decreasing, thus

E[φ(x
(n)
k+1)|x

(n)
k = x,m

(n)
k = m]

=
[ 1

2n

∫
U

∫
U
λ(a, h)m(da)η

(n)
k (dh)

][
φ(x+ r − 2−ncm)− φ(x− 2−ncm)

]
+ φ(x− 2−ncm)

≤
[ 1

2n

∫
U
λ(m,h)η

(n)
k (dh)

][
φ(x+ r − 2−ncm)− φ(x− 2−ncm)

]
+ φ(x− 2−ncm)

= E[φ(x
(n)
k+1)|x

(n)
k = x,m

(n)
k = δ{m}],

thus given a measure-valued control action m ∈ P(U), one never decreases the expected terminal
utility by replacing it with the ordinary control m ∈ U . Inductively, it is straightforward to see
that the value functions at arbitrary time steps are always non-decreasing, thus the above argument
holds for any k ∈ {0, 1, . . . , 2nT − 1}.

We now state and prove the main result from this section.

Theorem 3.11. Suppose that 1, 2, and 3 from Assumption 3.9 hold. Then there exists an MFG
equilibrium in the sense of Definition 3.5 for the continuous-time game of controlled intensity. If
additionally 4 holds, then the equilibrium is of sharp control.

The proof is organized in four steps. In step 1, we interpolate the discrete-time controlled
Bernoulli chains (Definition 3.6) to obtain continuous-time processes, establish that the sequence
of joint state/control laws of the interpolations admits a weak limit, and extract a limiting flow
of control measure. In step 2, we establish that the limiting law corresponds to a controlled jump
process with the dynamics specified in Definition 3.5. In step 3, consistency with respect to the
flow of measure obtained from step 2 is established. In step 4, we establish optimality. We then
conclude with a brief note regarding the last assertion of the theorem.

Step 1 (Discrete-Time Approximations): For simplicity and without loss of generality, let
the finite time horizon T of the continuous-time model be an integer. Consider the MFG arising
from the discretization introduced in Definition 3.6 under Scheme 2, where we use y(n) to denote
the state process, and where we always assume n is sufficiently large so that the discretizations are
well-defined. Applying Theorem 2.4, we obtain an MFG equilibrium ((a

(n)
k )T2n

k=0, (ζ
(n)
k )T2n

k=0), where
the ζ’s are elements of P(U) satisfying L(a(n)k ) = ζ

(n)
k for every k, and where (a

(n)
k )T2n

k=0 is the optimal
control process for the fixed sequence (ζ

(n)
k )T2n

k=0 with respect to the maximization of E[φ(y
(n)
2nT )].

We now define new discretizations under Definition 3.6 Scheme 1 with state process denoted
by x(n) and with parametrizing sequence η

(n)
k := δ

{ζ(n)
k }

, k = 0, 1, · · · , 2nT . Here, x(n) will be the
discrete-time dynamics to be interpolated. We will at times slightly abuse notation by denoting the
continuous-time objects with the same letters as their discrete-time counterparts, but will differen-
tiate using time index t and k when referring to the continuous-time and discrete-time processes,
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respectively. For each n ∈ N, we construct continuous-time processes (X(n)
t )t∈[0,T ], (a

(n)
t )t∈[0,T ], and

(η
(n)
t )t∈[0,T ] as follows. For each t ∈ [0, T ]:

X
(n)
t := x

(n)
k − ca

(n)
k

(
t− k

2n

)
, η

(n)
t := η

(n)
k , and a

(n)
t := a

(n)
k for t ∈

[ k
2n

,
k + 1

2n

)
.

In words, X(n) linearly interpolates the drift, with a jump at multiples of 1/2n whenever the discrete-
time process jumps up. By construction, sample paths of X(n) are right-continuous with left limits
for every n ∈ N. By defining m

(n)
t := δ{a(n)

t } we obtain a relaxed control representation of the

control process a
(n)
t . The following representation (which defines N

(n)
t ) will be very useful:

X
(n)
t = X

(n)
0 − c

∫ t

0
a(n)s ds+ rN

(n)
t = x

(n)
0 − c

∫ t

0

∫
U
am(n)

s (da)ds+ rN
(n)
t , (3.2)

where N
(n)
t is a jump process taking values in {0, 1, 2, 3, · · · }, with unit jumps possible only on

dyadic rationals of order n. Note that one can give an explicit definition of N (n) as

N
(n)
0 = 0, N

(n)
k = N

(n)
k−1 + 1{

x
(n)
k =x

(n)
k−1−

c
2n

a
(n)
k−1+r

} for k ≥ 1

and interpolate exactly as done for a(n) and η(n) in (3.2) to define the continuous-time process
(N

(n)
t )t∈[0,T ] in (3.2). Note also that the random variables used to define the above continuous

processes are a countable family and we assume them to be defined on a common probability space
(Ω,F , P ). Finally, we define the process

π
(n)
t = m

(n)
t ⊗ η

(n)
t .

Next, we extract limit points from the joint process laws L(X(n), π(n), N (n)) as n → ∞. Note that
the processes X(n) naturally take values in the space D[0, T ] (right-continuous functions with left
limits on [0, T ] taking values in R) which can be endowed with the Skorokhod J1 topology. Together
with this topology, the space D[0, T ] is a Polish space. For a collection of probability measures on the
Borel sets of a Polish space, tightness is equivalent to sequential compactness (i.e. every sequence of
measures from the collection admits a further weakly convergent sub-sequence) as per Prokhorov’s
theorem. Establishing tightness will be made easy due to [24, Theorem 9.2.1], which is restated in
the Appendix for convenience. Because the drift term is linear and the jump probability is scaled
with n, it is almost immediate that the sequences of laws L(X(n))n∈N and L(N (n))n∈N satisfy the
referenced tightness condition and are thus tight. Tightness of the laws L(π(n))∞n=1 is immediate
(see the discussion following Definition 3.1 of relaxed controls) since we have assumed a compact
action space U .

As we have checked tightness of each of the sequence of marginals, we conclude that

L(X(n), π(n), N (n))∞n=1

is tight and admits a weakly converging sub-sequence. For simplicity of notation, we will dispense
with the sub-sequence and assume that the convergence is as n → ∞.

By the Skorokhod representation theorem (see [24, Theorem 9.1.7]), there exists some probabil-
ity space (Ω,F , P ) supporting random variables (X̃(n), π̃(n), Ñ (n))∞n=1 converging almost surely to
(X,π,N) and such that L(X̃(n), π̃(n), Ñ (n)) = L(X(n), π(n), N (n)). It is immediate that
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(X̃(n), π̃(n), Ñ (n)) satisfies the representation (3.2), and hereafter we abuse notation by dropping
tilde.

To summarize, we have that for P -almost every ω ∈ Ω, X(n)(ω)
n→∞−−−→ X(ω) w.r.t. the Skorokhod

topology on D[0, T ], π(n)(ω)
n→∞−−−→ π(ω) in the weak topology, and redundantly, N (n)(ω)

n→∞−−−→
N(ω) in the Skorokhod topology on D[0, T ]. We define mt(·) = πt(· × U) and ηt(·) = πt(U × ·) and
also set

Ft := σ(Xs, πs, Ns : s ≤ t), F (n)
t := σ(X(n)

s , π(n)
s , N (n)

s : s ≤ t) for every t ∈ [0, T ], n ∈ N.

It is important to note that we can always define a derivative πt(ω) such that πt(ω)(A) is (Ft)t∈[0,T ]

adapted for each t ∈ [0, T ] and A ∈ B(U × U), and such that the disintegration π(ω)(da, dh, dt) =
πt(ω)(da, dh)dt holds [24, Section 9.5]. Similarly we can also do this for approximations, with the
Borel measurability of maps of the form t 7→ E[πt(A × U)] =

∫
πt(ω)(A × U)dP (ω) for A ∈ B(U)

following from progressive measurability (see for example [15, Theorem 3.1]).

Step 2 (Characterizing the Limit Point): Using the almost sure convergence, it follows
that for any continuity point t ∈ [0, T ] of the limit X(ω), (X,m,N) satisfies

Xt(ω) = lim
n→∞

X
(n)
t (ω) = lim

n→∞

(
X

(n)
0 (ω)− c

∫ t

0

∫
U
am(n)

s (ω)(da)ds+ rN
(n)
t (ω)

)
= X0(ω)− c

∫ t

0

∫
U
ams(ω)(da)ds+ rNt(ω).

Since the common continuity points of X(ω) and N(ω) are dense (since sample paths are cadlag),
and both sides define cadlag functions of t, the equality holds on the entire interval [0, T ]. Clearly,
N is the law of a unit jump process. The fact that it is in fact an F-jump process follows by
arguments as in [24, Equation 10.1.8]. We verify that it has the correct (stochastic) intensity by
fixing 0 ≤ s < t and denoting

Js,t =

∫ t

s

∫
U

∫
U
λ(a, h)πρ(da, dh)dρ.

We now verify the martingale property. Define

Mt := Nt − J0,t = Nt −
∫ t

0

∫
U2

λ(a, h)πρ(da, dh)dρ.

It suffices to show that for every bounded Fs-measurable random variable H,

E[H(Mt −Ms)] = 0.

We first verify this identity for bounded continuous functionals of the stopped path. Let

Es := D([0, s];R)×Rs ×D([0, s];N),

where Rs denotes the relaxed-measure space on U2 × [0, s] with Lebesgue time marginal. Let
F : Es → R be bounded and continuous. By the discrete-time construction,

E

[
F
(
X

(n)
·∧s , π

(n)|[0,s], N
(n)
·∧s

)(
N

(n)
t −N (n)

s −
∫ t

s

∫
U2

λ(a, h)π(n)
ρ (da, dh)dρ

)]
n→∞−−−→ 0, (3.3)

16



García, Sircar, & Soner MFGs of control

with the difference between the discrete compensator sum and the displayed integral vanishing as
the mesh-size goes to zero. By the almost sure convergence from the Skorokhod representation and
the continuity of F , we have

F
(
X

(n)
·∧s , π

(n)|[0,s], N
(n)
·∧s

)
→ F

(
X·∧s, π|[0,s], N·∧s

)
almost surely. Moreover, since λ is bounded and continuous and π(n) ⇒ π as relaxed measures,∫ t

s

∫
U2

λ(a, h)π(n)
ρ (da, dh)dρ →

∫ t

s

∫
U2

λ(a, h)πρ(da, dh)dρ

almost surely. Uniform integrability follows from the boundedness of λ, thus passing to the limit in
(3.3) gives

E

[
F
(
X·∧s, π|[0,s], N·∧s

)
(Mt −Ms)

]
= 0.

Since bounded continuous functions on Es generate its Borel σ-algebra, and since Fs is generated
by the stopped path

(X·∧s, π|[0,s], N·∧s),

it follows from a monotone class argument that E[H(Mt−Ms)] = 0 for every bounded Fs-measurable
random variable H and hence M is an F-martingale. We thus conclude that N has stochastic
intensity

λπ
t =

∫
U2

λ(a, h)πt(da, dh).

We thus conclude that the limiting processes satisfy the controlled jump dynamics in Definition 3.2.

Step 3 (Consistency): We now verify consistency of the limit point with respect to the
deterministic relaxation η of the average control, which we state as a Lemma.

Lemma 3.12. (Consistency of the limit) For Lebesgue-almost every t ∈ [0, T ] we have that E[
∫
U aπt(da|h)] =

h for every h in the support of ηt(·) = πt(U × ·).

Proof. Recall that for each n, by construction,

π
(n)
t = m

(n)
t ⊗ η

(n)
t , η

(n)
t = δ{ζ̄(n)

k } for t ∈ [k2−n, (k + 1)2−n),

and
ζ̄
(n)
k =

∫
U
a ζ

(n)
k (da) = E[a

(n)
k ].

Since m
(n)
t = δ{a(n)

t }, it follows that for every bounded continuous test function φ : [0, T ]× U → R,

E

[∫ T

0

∫
U×U

φ(t, h)a π
(n)
t (da, dh) dt

]
= E

[∫ T

0
φ
(
t, ζ̄

(n)
⌊2nt⌋

)
a
(n)
t dt

]

=

∫ T

0
φ
(
t, ζ̄

(n)
⌊2nt⌋

)
E[a

(n)
t ] dt

=

∫ T

0

∫
U
φ(t, h)h η

(n)
t (dh) dt.

17
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We now pass to the limit as n → ∞ in the above expression to obtain

E

[∫ T

0

∫
U×U

φ(t, h)a πt(da, dh) dt

]
=

∫ T

0

∫
U
φ(t, h)h ηt(dh) dt (3.4)

for every bounded continuous φ : [0, T ] × U → R. Disintegrating πt(ω) with respect to its deter-
ministic second marginal, (3.4) becomes∫ T

0

∫
U
φ(t, h)

(
E

[∫
U
a πt(da | h)

]
− h

)
ηt(dh) dt = 0.

By the arbitrariness of φ, it follows that

E

[∫
U
a πt(da | h)

]
= h (dt⊗ ηt(dh))-a.e. on [0, T ]× U .

Equivalently, for Lebesgue-a.e. t ∈ [0, T ],

h = E

[∫
U
a πt(da | h)

]
for ηt-a.e. h.

This establishes the desired consistency condition.

Step 4 (Establishing Optimality): For a fixed positive discretization integer n and sequence
of measures η(n) := (η

(n)
k )2

nT
k=0 ⊆ P(U) parametrizing the dynamics, the expected reward of an

admissible (in the sense of Definition 3.7) control/state pair a(n) := (a
(n)
k )2

nT
k=0, x(n) := (x

(n)
k )2

nT
k=0

under Scheme 1 dynamics in Definition 3.6 is denoted by

w(n)(k, x, a(n), η(n)) := E[φ(x
(n)
2nT )|x

(n)
k = x],

and the value function is denoted by

v(n)(k, x, η(n)) := sup
a(n),x(n)

w(n)(k, x, a(n), η(n))

where the supremum is taken over admissible control/state pairs, and where the underlying probabil-
ity space may vary with the control/state. We use capital letters for the analogous continuous-time
quantities, and define

W (t, x, π) := E[φ(Xπ
T )|Xt = x]

where π and Xπ (along with an unnamed jump process, probability space, and filtration) satisfy
Definition 3.2. Moreover, for a given flow of control measure η := (ηt)t∈[0,T ] ⊆ P(U), we define

V (t, x, η) = sup
π:πs(U×·)=ηs(·),s≥t

W (t, x, π),

where we allow the underlying probability space to vary with π in the supremum. The following
lemma, inspired by the construction in [23, Theorem 3.5.2], will allow us to conclude that, given an
approximating sequence η(n)

L,n→∞−−−−−→ η, one can construct processes π(n) with deterministic second
marginal η(n) such that W (t, x, π(n))

n→∞−−−→ V (t, x, η). This will allow us to make the connection
between discrete-time and continuous-time value functions and is a vital ingredient in proving the
optimality of the limit process extracted from discrete-time chains.
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Lemma 3.13 (Joint chattering lemma). Consider the control problem from Definition 3.2, fix a
map λ : U2 → R≥0 and a deterministic flow of measures (ηt)t∈[0,T ] ⊆ P(U), and assume that we
can represent the latter as a limit

η(n)(dh, dt) := η
(n)
t (dh)dt ⇒ η(dh, dt) := ηt(dh)dt

where η
(n)
t = δ{fn(t)} is a Dirac for every t ∈ [0, T ] and is constant on dyadic intervals of the form

[k2−n, (k + 1)2−n). Let (Ω,F ,F, P, π,N,m, η,X) be an arbitrary admissible tuple (not necessarily
the limit of discrete-time processes obtained in Step 2) in the sense of Definition 3.2, and assume 1,
2, and 3 from Assumption 3.9 hold. Then we may construct, on the same filtered space (Ω,F , P,F),
a process (π

(n,m)
t )t∈[0,T ] which is progressively measurable w.r.t. F and such that

• π
(n,m)
t (U × ·) = η

(n)
t−2−m(·) for every t ∈ [2−m, T ],

• for P -almost every ω ∈ Ω the measure π
(n,m)
t (ω) ∈ P(U × U) decomposes into a product

structure for Lebesgue almost every t,

• there exists subsequences (nl)
∞
l=1 and (ml)

∞
l=1 along which, for any 0 ≤ s < p ≤ T , we have

that ∫ p

s

∫
U2

λ(a, h)π
(nl,ml)
t (ω)(da, dh) dt

l→∞−−−→
∫ p

s

∫
U2

λ(a, h)πt(ω)(da, dh) dt

P -almost surely, with the convergence uniform over the set of ω’s on which it occurs.

Proof. For simplicity, we will assume that s and p are dyadic rationals. At the end, we will discuss
how the arguments generalize.
Step 1: Time and space discretization. For a given m ∈ N denote the dyadic intervals by

Imk := [k2−m, (k + 1)2−m), k = 0, . . . , T2m − 1,

and for such a k define the averaged (random) measure

π
(m)
k (A×B) := 2m

∫
Imk

πt(A×B) dt, A,B ∈ B(U).

Then ∫ T

0

∫
U2

λ(a, h)πt(da, dh) dt = 2−m
2mT−1∑
k=0

∫
U2

λ(a, h)π
(m)
k (da, dh).

To discretize space, fix δ > 0 and choose a finite partition of the closed interval U

U =

J⊔
j=1

Cj

of Borel sets of diameter at most δ, along with representative point hj ∈ Cj for each j. For each
k, j, define the deterministic (since the second marginal of πk is deterministic) quantities

w
(m)
k,j := π

(m)
k (U × Cj) = 2m

∫
Imk

ηt(Cj)dt.
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If w(m)
k,j > 0, define a (random) probability measure α

(m)
k,j ∈ P(U) by

α
(m)
k,j (A) :=

π
(m)
k (A× Cj)

w
(m)
k,j

, A ∈ B(U)

and if w(m)
k,j = 0, choose α

(m)
k,j arbitrarily. Since λ is uniformly continuous on the compact set U2,

it admits a modulus of continuity ωλ, thus for h ∈ Cj we have |λ(a, h) − λ(a, hj)| ≤ ωλ(δ) and it
follows that surely∣∣∣∣∣∣

∫
U2

λ(a, h)π
(m)
k (da, dh)−

J∑
j=1

w
(m)
k,j

∫
U
λ(a, hj)α

(m)
k,j (da)

∣∣∣∣∣∣ ≤ ωλ(δ).

Multiplying by 2−m, summing over k, and recalling (3.2), we obtain∣∣∣∣∣∣
∫ T

0

∫
U2

λ(a, h)πt(da, dh) dt− 2−m
T2m−1∑
k=0

J∑
j=1

w
(m)
k,j

∫
U
λ(a, hj)α

(m)
k,j (da)

∣∣∣∣∣∣ ≤ T ωλ(δ). (3.5)

Step 2: Chattering approximation of the second marginal. For integers m < n, define the (deter-
ministic) sets

A
(n,m)
k,j := {t ∈ Imk : f (n)(t) ∈ Cj}.

Then
|A(n,m)

k,j | =
∫
Imk

1{f (n)(t)∈Cj} dt =

∫
[0,T ]×U

1Imk (t)1Cj (h) η
(n)(dh, dt).

By the weak convergence η(n)(dh, dt) ⇒ η(dh, dt), and after choosing the partition so that the
boundaries of the sets Cj × Imk are η(dh, dt)-null, we obtain for a fixed m ∈ N that

|A(n,m)
k,j | n→∞−−−→

∫
Imk

ηt(Cj) dt = 2−mw
(m)
k,j .

Define now the (random) measure

π̃
(n,m)
t (da, dh) :=

T2m−1∑
k=0

J∑
j=1

1
A

(n,m)
k,j

(t) [α
(m)
k,j (da)⊗ δ{f (n)(t)}(dh)].

Equivalently, if t ∈ Imk and f (n)(t) ∈ Cj , then

π̃
(n,m)
t (da, dh) = α

(m)
k,j (da)⊗ δ{f (n)(t)}(dh).

Note that because f (n) are cadlag and piecewise constant on dyadics by assumption, the process
π̃(n,m) is surely cadlag. By construction, the second marginal is exactly

π̃
(n,m)
t (U × dh) = δ{f (n)(t)}(dh) = η

(n)
t (dh).
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Step 3: Convergence of the intensity integral. Let 0 ≤ s < p ≤ T and assume for the moment that
s and p are multiples of 2−q for a positive integer q. Taking m and n larger than q, we have∫ p

s

∫
U2

λ(a, h) π̃
(n,m)
t (da, dh) dt =

∑
k,j:I

(m)
k ⊆[s,p]

∫
A

(n,m)
k,j

∫
U
λ(a, f (n)(t))α

(m)
k,j (da) dt.

Since f (n)(t) ∈ Cj on A
(n,m)
k,j , we also have∣∣∣∣∫

U
λ(a, f (n)(t))α

(m)
k,j (da)−

∫
U
λ(a, hj)α

(m)
k,j (da)

∣∣∣∣ ≤ ωλ(δ).

Hence∣∣∣∣∣∣∣∣∣∣
∫ p

s

∫
U2

λ(a, h) π̃
(n,m)
t (da, dh)dt−

∑
k,j:

I
(m)
k ⊆[s,p]

|A(n,m)
k,j |

∫
U
λ(a, hj)α

(m)
k,j (da)

∣∣∣∣∣∣∣∣∣∣
≤ (p− s)ωλ(δ).

Letting n → ∞ with m fixed yields∑
k,j:

I
(m)
k ⊆[s,p]

|A(n,m)
k,j |

∫
U
λ(a, hj)α

(m)
k,j (da)

n→∞−−−→
∑
k,j:

I
(m)
k ⊆[s,p]

2−mw
(m)
k,j

∫
U
λ(a, hj)α

(m)
k,j (da).

Combining the previous two equations with a modification of the bound in (3.5) for an integral from
s to p, we obtain

lim sup
n→∞

∣∣∣∣∫ p

s

∫
U2

λ(a, h)[π̃
(n,m)
t − πt](da, dh)dt

∣∣∣∣ ≤ 2(p− s)ωλ(δ).

Now let δ ↓ 0. Since λ is uniformly continuous, ωλ(δ) → 0. Thus, for each fixed m, one may choose
n = n(m) sufficiently large, and a δ(m) sufficiently small, so that∣∣∣∣∫ p

s

∫
U2

λ(a, h) π̃
(n(m),m)
t (da, dh) dt−

∫ p

s

∫
U2

λ(a, h)πt(da, dh) dt

∣∣∣∣ −→ 0

as m → ∞.

Step 4: Shift to preserve adaptedness. Finally, define

π
(n(m),m)
t :=

π̃
(n(m),m)
t−2−m for t ∈ [2−m, T ]

δ{0} ⊗ η
(n(m))
t otherwise.

Then for t ≥ 2−m

π
(n(m),m)
t (U × dh) = δf (n(m))(t−2−m)(dh),

and by construction π
(n(m),m)
t is a product measure. Also,∫ p

s

∫
U2

λ(a, h)π
(n(m),m)
t (da, dh) dt −→

∫ p

s

∫
U2

λ(a, h)πt(da, dh) dt

uniformly in ω (since the bounds in step 3 are almost sure), where we note that the dyadic shift
can alter the absolute difference by at most 2∥λ∥∞ 2−m m→∞−−−−→ 0. This proves the claim. Note that
the process (π

(n(m),m)
t )t∈[0,T ] is defined on the original probability space (Ω,F , P ) and, due to the

time shift, remains progressively measurable w.r.t. F .
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Proposition 3.14. Consider the setup of the previous lemma. Then for every γ > 0 and any suffi-
ciently large n and m along the subsequence nl,ml from the statement of lemma 3.13 (with the thresh-
old depending on γ), there exist a tuple (Ω(n,m),F (n,m),F(n,m), P (n,m), π(n,m), N (n,m),m(n,m), η(n,m), X(n,m))
satisfying Definition 3.2, such that π(n,m) is the process constructed in the previous lemma, and such
that ∣∣W (0, x, π)−W (0, x, π(n,m))

∣∣ < γ.

In addition, using the sequence of measures η
(n)
k = π

(n,m)
k2−n (U × ·) as the parametrizing sequence in

the discrete-time Scheme 2 system, we have that

lim inf
n,m→∞

[v(n)(0, x, (η
(n)
k )T2n

k=0)−W (0, x, π(n,m))] ≥ 0

Proof. Recall that in lemma 3.13, π(n,m) was constructed on the same probability space as the
original process π. Also, note that when taking m,n → ∞, we will do so as in lemma 3.13 so that
(3.2) holds. By possibly augmenting the probability space (recall Remark 3.3), let N (n,m) denote
another jump process with stochastic intensity given by λ

(n,m)
t =

∫
U2 λ(a, h)π

(n,m)
t (da, dh) and let

X(n,m) and N (n,m) satisfy

X
(n,m)
t = x−

∫ t

0

∫
U
caπ(n,m)

s (da× U)ds+ rN
(n,m)
t .

From the uniform almost-sure convergence in (3.2) we immediately conclude that L(X(n,m)
T )

L,n,m→∞−−−−−−→
L(XT ) which implies E[φ(X

(n,m)
T )]

n,m→∞−−−−−→ E[φ(XT )] as desired. Alternatively, if the construction
is such that the probability measure is modified to obtain the new process N (n,m), then we argue
as follows. By construction, the laws {L(π(n,m), N (n,m)) : n,m ∈ N} are tight and we let π̃ and
Ñ denote a limit point. From the chattering construction, it follows that L(π̃) = L(π), thus it
follows that the limit point of the above is in fact the original law L(π,N) and we again conclude
E[φ(X

(n,m)
T )]

n,m→∞−−−−−→ E[φ(XT )]. For more details regarding convergence of values, particularly in
the weak formulation, we refer the reader to [23, Theorem 3.5.2, Theorem 3.2.2]. We note that the
chattering constructions and value approximation arguments are classical; our approach differs in
that it constructs the approximations while respecting a prescribed marginal approximation, and
ensuring that the disintegration measures π

(n,m)
t admit a product measure structure.

Now we move on to the second assertion. On the probability space where π(n,m) is defined, define
a random sequence of measures

a
(n,m)
k (ω)(·) = 2n

∫
Ink

π
(n,m)
t (· × U)dt.

Now construct a discrete-time state process x
(a,n)
k driven by this relaxed control, using the relaxed

Scheme 2 dynamics. By the Poisson limit theorem, we have that |E[φ(X
(n,m)
T )]−E[φ(x

(a,n)
2nT )]| n,m→∞−−−−−→

0. Since relaxation does not improve the value function (recall Lemma 3.10), the result follows. Note
that, abusing notation, we have used η(n) to refer to both the original discrete-time sequence ob-
tained from the discrete-time MFG existence result, as well as the shifted approximating sequence
used in the construction of π(n,m). This poses no issues, since the effect of the 2−m time shift from
lemma 3.13 vanishes as m → ∞. We show this rigorously in Lemma 6.2.

We can finally conclude optimality, which we state as a proposition.
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Proposition 3.15. Consider the tuple obtained as a limit of discrete-time processes. Then amongst
admissible processes which admit the second marginal η, the limit π obtained is optimal.

Proof. The proof follows the following roadmap. We use fixed-n optimality of the discrete-time
controls, approximate a competing continuous-time control by the joint chattering construction,
pass values to the limit, and obtain a contradiction to discrete-time optimality.

Suppose now for a contradiction that π is not optimal for η, in the sense that there exists another
process π̃ with second marginal equal to η such that its expected terminal wealth utility under the
agent dynamics is strictly better than the one obtained by the process π. Then using the Chattering
Lemma 3.13 there exists another admissible process π(n,m) (which in this case approximates π̃) such
that its second marginal matches η(n) (up to a 2−m dyadic shift) and with the property that
W (0, x, π) < W (0, x, π(n,m)). We sample π(n,m) for each n at n-th order dyadics to obtain a discrete
control process ã(n,m). Using (3.14) and (3.14) we obtain

lim inf
n→∞

v(n)(0, x, η(n)) ≥ lim inf
n,m→∞

w(n)(0, x, ã(n,m), η(n))

= W (0, x, π̃) > W (0, x, π) = lim
n→∞

w(n)(0, x, a(n), η(n)),

thus by taking m and n sufficiently large along the subsequence in Lemma 3.13, we obtain a
contradiction to the optimality of a(n) for the fixed sequence of measures η(n).

We have established the first assertion of the theorem. For the second assertion regarding the
sharpness of the first marginal of the admissible process π, assume φ is strictly increasing and that
λ(·, h) is strictly concave for each h. Let π denote a relaxed MFG equilibrium for the tuple. Fix
t ∈ [0, T ], define a∗t (h) =

∫
aπt(da|h) where πt(da, dh) = πt(da|h)ηt(dh), and note that∫

U
λ(a∗t (h), h)πt(U × dh) ≥

∫
U

∫
U
λ(a, h)πt(da|h)ηt(dh).

Thus, letting X ′ and X denote the wealth processes (possibly defined on distinct probability spaces)
driven by the processes δ{a∗t (h)}(da)ηt(dh) and πt respectively, we have that E[φ(X ′

T )] ≥ E[φ(XT )],
with equality if and only if πt disintegrates into a sharp kernel conditioned on the second marginal
for every t ∈ [0, T ]. By optimality of π, it follows immediately that π is itself (up to redefining on
Lebesgue null sets) a sharp control. This concludes the proof.

We conclude with a remark on how the dynamics and objective functionals can be generalized.

Remark 3.16. The specific dynamics in Definition 3.2 were chosen to match the structure of
cryptocurrency mining model considered below. The argument can be extended to more general
controlled jump dynamics and to objective functionals with running rewards, provided the coefficients
and rewards satisfy the compactness, continuity, and boundedness conditions needed for tightness,
identification of the limiting martingale problem, and convergence of values. This extra generality
was avoided to keep the presentation focused on the controlled-intensity structure used in [28].

4 Cryptocurrency Mining MFG

We now return to the cryptocurrency mining MFG model from [28]. We provide MFG existence
results for both the original continuous-time model and a discrete-time analog. For the latter,
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we numerically illustrate that damped fixed-point iterations of the discrete-time Bellman and Kol-
mogorov equations converge to an MFG equilibrium, and we recover the qualitative preferential
attachment behavior obtained from the continuous-time model in [28] under CRRA wealth utility.
We note that the numerical scheme utilized in this paper is distinct from the fixed point iterations
used to solve the continuous-time MFG in [28]. There, finite difference methods are used to solve
the HJB and Kolmogorov PDEs, whereas we exactly solve a space-discretized discrete-time game,
and we need not scale the dynamics so that time steps correspond to small intervals of time.

4.1 Discrete-Time Model

We begin by considering a family of discrete-time models parametrized by n ∈ N and ϵ ≥ 0. Using
Scheme 2 from Definition 3.6, we define

λ(ϵ)(a, h) :=
a

a+ hM + ϵ
1{a>0}, (4.1)

for a constant M > 0 (which proxies for the number of miners, see [28] for details). Given a
fixed sequence of probability measures (ζ(n,ϵ)k )2

nT−1
k=0 ⊆ P(U), the transition dynamics for the wealth

process (x
(n,ϵ)
k )2

nT
k=0 are given by

x
(n,ϵ)
k+1 ∼

λ(ϵ)(a
(n,ϵ)
k , ζ

(n,ϵ)
k )

2n
δ{x(n,ϵ)

k −(ca
(n,ϵ)
k /2n)+r} +

(
1−

λ(ϵ)(a
(n,ϵ)
k , ζ

(n,ϵ)
k )

2n

)
δ{x(n,ϵ)

k −(ca
(n,ϵ)
k /2n)}, (4.2)

for k = 0, 1, · · · , T2n − 1. The control objective is the maximization of expected terminal utility of
wealth, E[φ(x

(n,ϵ)
T2n )]. Assuming that the initial wealth law µ0 is compactly supported, that the action

space is a compact interval [0, L], and that the wealth utility φ is bounded (which is WLOG since
agents can increase their wealth by at most 2nTr over the course of the game), it is straightforward
to check that, for ϵ > 0, Theorem 2.4 applies, guaranteeing the existence of an MFG equilibrium
for the game arising from the above dynamics. The condition ϵ > 0 is required in order to ensure
continuity of the transition kernel. For the remainder of this section, we fix n ∈ N and will extract
an MFG equilibrium as a limit of equilibria by taking ϵ → 0.

Fix n and ϵ > 0, and let ν(n,ϵ) := (ν
(n,ϵ)
k )2

nT
k=0 denote a sequence of laws on X×U which characterize

an MFG equilibrium (recall that the control policy is obtained via the disintegration as in Section
2) for the game arising from the dynamics in (4.2). For ease of notation, let µ

(n,ϵ)
k = ν

(n,ϵ)
k,1 and

η
(n,ϵ)
k = ν

(n,ϵ)
k,2 where ν

(n,ϵ)
k,1 and ν

(n,ϵ)
k,2 denote the state and control marginals of ν(n,ϵ)k , respectively.

In this specific setup, X = R and U = [0, L]. Recall also that the optimal control

a
(n,ϵ)
k ∼ π

(n,ϵ)
k (·|x(n,ϵ)k ) where ν

(n,ϵ)
k (dx, da) = π

(n,ϵ)
k (da|x)µ(n,ϵ)

k (dx).

We now extract a weak limit ν(n,ϵ) → ν(n) as ϵ → 0 and will establish that ν(n) is an MFG
equilibrium for the cryptocurrency mining model (4.2) with ϵ = 0. Since n ∈ N is fixed we suppress
it from the superscript notation hereafter, and also write λ = λ(0) for simplicity. We can justify
the limit extraction by noting that the joint state-action laws ν(ϵ) are elements of the compact set
Ξ constructed in Section 2, which need not be ϵ-dependent since we can always pick the moment
w : X → [1,∞) and constant α used in its construction so that, for all ϵ > 0 sufficiently small,
Assumption 2.3 holds.

We begin by observing that if

B := {k ∈ {0, 1, · · · , 2nT − 1} : ηk = δ{0}}
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is non-empty, then an optimal control for the original (ϵ = 0) model with fixed background hash-
rate (ηk)k∈{0,1,2,··· ,2nT} will in general not exist: this follows because any non-zero hash rate will
result in a unit jump intensity for the reward process, whereas zero hash-rate results in zero reward
process intensity, hence zero hash-rate on B is sub-optimal for any reasonable choice of terminal
utility/initial condition. On the other hand, any control process that is non-zero on B can be
improved by making it even closer to zero while keeping it positive. Since U is a subset of the
nonnegative reals,

∫
h ηk(dh) = 0 if and only if ηk = δ0; hence assigning positive mass to zero is not

by itself problematic. Fortunately, assuming the following mild assumption, we can show that the
limit hash-rate is indeed positive for every time k.

Assumption 4.1. Assume that φ is non-decreasing and that the initial wealth distribution is not
supported on the set of maximizers for the function φ, i.e.

µ0{argmax
y∈R

φ(y)} < 1.

Proposition 4.2. Under Assumption 4.1, the limit (as ϵ → 0 with n fixed but arbitrary) sequence
of measures on the control space (ηk)

2nT
k=0 = (νk,2)

2nT
k=0 ⊆ P([0, L]) is never a Dirac at zero. In fact,

there exists some d > 0 such that ηk > d for every k = 0, 1, · · · , 2nT − 1 and we can find such a d
that holds for any choice of n ∈ N.

Proof. Suppose for a contradiction that there is some k such that ηk = 0. It follows that limϵ→0 η
(ϵ)
k =

0. Recall that a(ϵ) is an optimal control for the fixed background hash-rate η(ϵ). For a given ϵ, let
ν(ϵ) := ϵ ∨ η

(ϵ)
k , and define on the same probability space a new control process given by

ã
(ϵ)
j =

a
(ϵ)
j j ̸= k√
ν(ϵ) ∨ a

(ϵ)
j j = k,

for j = 0, 1, · · · , 2nT − 1. We will complete the proof by showing that for sufficiently small ϵ, ã(ϵ)

results in higher expected wealth utility than a(ϵ). We only need to compare the controls at time
k. The expected rate of the Bernouli reward at time k of the original control satisfies

E
[ 1

2n
λ(ϵ)(a

(ϵ)
k , η

(ϵ)
k )
]
≤ 1

2n
λ(ϵ)(E[a

(ϵ)
k ], η

(ϵ)
k )dt =

η
(ϵ)
k

2n((M + 1)η
(ϵ)
k + ϵ)

≤ 1

2n(M + 1)
.

where we have used MFG consistency in the equality. On the other hand, we also have that

E
[ 1

2n
λ(ϵ)(ã

(ϵ)
k , η

(ϵ)
k )
]
≥

√
ν(ϵ)

2n(
√
ν(ϵ) + η

(ϵ)
k M + ϵ)

≥
√

ν(ϵ)

2n(
√
ν(ϵ) + ν(ϵ)(M + 1))

ϵ→0−−→ 2−n. =

Observe that the difference in costs between the two controls converge as ϵ → 0. Also, Assumption
4.1 implies that uniformly over ϵ ≥ 0, the choice of control processes (since the intensity is bounded),
and the possible values of k, there is some positive probability that the wealth x

(n,ϵ)
k has not reached

argmaxy∈R φ(y). As such, taking ϵ → 0 results in a converging of the expected costs of the controls
ãϵ and aϵ, whereas the number of rewards of the former is strictly higher than the latter, with the
difference not converging as ϵ → 0. As such, the former control will eventually result in strictly higher
expected terminal wealth utility compared to the latter for ϵ sufficiently small. This contradicts
optimality of aϵ for the fixed sequence ηϵ, completing the proof.
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To prove the last statement regarding the uniformity of d over the choice of n, we make the
dependency on n explicit. Note that the positive probability that the wealth x

(n,ϵ)
k has not reached

the supremum of the terminal wealth utility is itself uniform in n; this follows using the Poisson
limit theorem. Also, the dependency of n on the bound

lim inf
ϵ→0

(
E
[ 1

2n
λ(ϵ)(ã

(n,ϵ)
k , η

(n,ϵ)
k )

]
− E

[ 1

2n
λ(ϵ)(a

(n,ϵ)
k , η

(n,ϵ)
k )

])
≥ M

2n(M + 1)

is offset by the fact that as n increases, the difference in cost of the controls a(n,ϵ)k and ã
(n,ϵ)
k converges

to zero faster (also with a 1/2n factor) as ϵ → 0.

We are now ready to establish the existence of an MFG equilibrium as the limit of equilibria for
the model parametrized by ϵ for a fixed n ∈ N.

Proposition 4.3. Recall that (n ∈ N is fixed and suppressed from the notation) ν(ϵ) denotes (the
laws of) an MFG equilibrium for the model parametrized by ϵ > 0 and ν is a weak limit as ϵ → 0.
This object constitutes an MFG equilibrium for the model with ϵ = 0.

Proof. We have shown that none of the measures in the sequence (ηk)
2nT
k=0 are Dirac measures at

zero. Let ak ∼ πk(·|xk) where νk(da, dx) = πk(da|x)νk,1(dx). Using the continuity and boundedness
of the map

(X × U)2nT+1 ∋ (xk, ak)
2nT
k=0 7→ φ(x2nT ) ∈ R,

and the weak convergence ν(ϵ)
ϵ→0−−→ ν, it follows that E[φ(x

(ϵ)
2nT )]

ϵ→0−−→ E[φ(x2nT )]. Suppose now
for a contradiction that there exists a control policy π̃ = (π̃k)

2nT−1
k=0 which outperforms a under the

fixed background sequence (ηk)
2nT−1
k=0 . Let x̃(ϵ,η

(ϵ)) and ã(ϵ,η
(ϵ)) denote (each possibly defined on its

own probability space) the resulting control and state processes under the policy π̃ using the reward
probability function λ(ϵ) and the fixed sequence of measures η(ϵ). Using the fact that η(ϵ)k

ϵ→0−−→ ηk > 0

for every k = 0, · · · , 2nT , one obtains that E[φ(x̃
(ϵ,η(ϵ))
2nT )]

ϵ→0−−→ E[φ(x̃
(0,η)
2nT )] > E[φ(x2nT )] which, for

all ϵ > 0 sufficiently small, contradicts the optimality of the control policy obtained by disintegration
of ν(ϵ) for the fixed background flow η(ϵ) and probability reward function λ(ϵ). Note that consistency
of the limit measures follows because it holds for every ϵ > 0.

To summarize, we have shown that for any n ∈ N there exists an MFG equilibrium for the
discrete-time game with ϵ = 0. Moreover, the population control distributions are bounded away
form zero, uniformly over the time step and the parameter n ∈ N. Before moving to continuous-
time, we solve the discrete-time game numerically.

4.2 Numerical Computation of Discrete-Time MFG

We solve the discrete-time MFG for parameters n = 1, T = 300, M = 1000 (players), take the
terminal utility to be a CRRA utility φ(x) = 2x1/2, and assume normally distributed initial wealth.
The population hash-rate is initialized to be constant in time, and the following steps are then
iterated until convergence of the population hash-rate is observed:

1. Compute the optimal control policy using dynamic programming, given the fixed background
hash-rate from the previous step.
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2. Compute the resulting hash-rate using the initial state law and the optimal control policy
from step 1.

3. Update the new population hash-rate as a convex combination of that obtained in the last
two steps.

Step 3 is a damping step which is required to attain convergence. The damping factor can be tuned
to find a trade-off between convergence and speed. Solving with a damping factor of 0.9, we observe
convergence from any choice of initial constant population hash-rate, and obtain numerical wealth
distribution dynamics and optimal control policies for the representative agent (plotted below).

The results obtained are qualitatively similar to those obtained from the numerical PDE approach
in [28], where we see that agents drop out of the game if their wealth falls below a (time-dependent)
threshold and observe the preferential attachment phenomenon where a small percentage of the
population becomes increasingly wealthy, with the majority of miners eventually dropping out of
the game with comparatively little wealth. Figures 1 and 2 illustrate the discrete-time convergence
results. Convergence speed is highly dependent on the choice of initial condition, in part due to
the use of a large damping factor. The stability of the algorithm suggests the uniqueness of the
equilibria.

Figure 1: Evolution of Wealth Distribution

4.3 Continuous-Time Existence

To apply the convergence result Theorem 3.11 (and Theorem 2.4 for the discrete-time games),
we again work with the intensity map λ(ϵ) defined in (4.1). Taking U = [0, L] and assuming the
terminal wealth utility is continuous and bounded and that the initial state law is compact, it is
straightforward to check that for ϵ > 0, Theorem 3.11 applies, guaranteeing the existence of a
relaxed MFG equilibrium (of a priori relaxed controls) for the continuous-time game. As in the
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Figure 2: Optimal Control at Equilibrium

discrete-time case, we turn to the problem of extracting a limit for the original model by taking
ϵ → 0. First, we note the following:

Proposition 4.4. If the terminal wealth utility φ is strictly increasing, any MFG equilibrium for
the continuous-time cryptocurrency model is of sharp controls.

Proof. This follows from the second assertion of Theorem 3.11.

Suppose now that for a given ϵ > 0, (X(ϵ), N (ϵ), π(ϵ)) is an MFG equilibrium with the state,
jump, and control processes defined on a common probability space (which may vary with ϵ). As
in discrete-time, our aim is to extract a weak limit of process laws by taking ϵ → 0. Let (X,N,m)
denote processes (defined on a possibly distinct probability space) such that

L(X(ϵ), N (ϵ), π(ϵ))
L,ϵ→0−−−−→ L(X,N, π). (4.3)

We need to establish that (X,N, π) is an MFG equilibrium for the cryptocurrency mining model
with ϵ = 0. Similarly to the discrete-time case, if the set B := {t ∈ [0, T ] : ηt = η{0}} has positive
Lebesgue measure, then an optimal control for the ϵ = 0 model with fixed control measure flow
(ηt)t∈[0,T ] will in general not exist. Under Assumption 4.1, we will see that B has zero Lebesgue
measure. As in Section 3, we recall the notation mt(·) = πt(· × U) and ηt(·) = πt(U × ·).

Proposition 4.5. The limit disintegration (ηt)t∈[0,T ] ⊆ P([0, L]) is not a Dirac at zero except for
possibly on a Lebesgue null set.
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Proof. Recall that the object η has been obtained by, for each ϵ, interpolating and then embedding
η(n,ϵ) ∈ [0, L]n+1 into a space of measures, and taking n → ∞ to obtain η(ϵ) ∈ P([0, T ] × [0, L]).
Then, we take ϵ → 0 to obtain η. By Proposition 4.2, however, we know that there is some d > 0

such that η(ϵ)t > d for every t ∈ [0, T ] and every ϵ sufficiently small, from which the result follows.

We conclude with the following proposition.

Proposition 4.6. The tuple (X,N,m, η) defined above (4.3) constitutes an MFG equilibrium for
the cryptocurrency mining model with ϵ = 0. The equilibrium is relaxed in the sense of Definition
3.5, but is of sharp control.

Proof. We have shown that the limit hash-rate ηt ≥ d for every t ∈ [0, T ]. We now show that the
control m is optimal for the fixed measure flow η. Note the continuity (note that continuity on
D([0, T ]) is with respect to the Skorokhod topology for which the evaluation map at the endpoint
T is continuous), and boundedness of the map

D([0, T ])× P([0, T ]× [0, L]) ∋ (N,m) 7→ φ
(
rNT − c

∫ T

0

∫
[0,L]

am(dt, da)
)
.

Suppose now for a contradiction that there exists a measure-valued control process m̃ which
outperforms m under the fixed background flow η and intensity function λ. Then we have that
(expectations taken on possibly different probability spaces)

E[φ(rNT − c

∫ T

0
mtdt)] < E[φ(rÑ

(0)
T − c

∫ T

0
m̃tdt)] = lim

ϵ→0
E[φ(rÑ

(ϵ)
T − c

∫ T

0
m̃tdt)],

where Ñ (ϵ) denotes a unit jump process with stochastic intensity
∫ ∫

λ(ϵ)(a, h)m̃t(da)η
(ϵ)
t (dh). The

above limit is justified as follows. By Proposition 4.2, the limiting background hash rate is bounded
away from zero:

∫
U h ηt(dh) ≥ d > 0 for all t ∈ [0, T ]. Hence, in the sharp limiting background flow

considered here, the denominator is bounded away from zero uniformly in the competitor’s control,
and the singular point (a, h) = (0, 0) of the unregularized intensity is not encountered. For any
fixed admissible relaxed control m̃, the corresponding intensities∫

U

∫
U
λ(ϵ)(a, h) m̃t(da)η

(ϵ)
t (dh)

therefore converge to the analogous intensity with ϵ = 0. Since the intensities are uniformly bounded
by one, the induced jump processes are tight, and the bounded continuous payoff functional con-
verges along this sequence. This proves the required convergence of payoffs. For ϵ > 0 sufficiently
small, this contradicts the optimality of m(ϵ) for the regularized background flow η(ϵ). As such, we
conclude that m is optimal for the hash-rate η as desired. Consistency follows by continuity, taking
limits, and using the fact that consistency holds for every ϵ > 0, and we thus conclude that the
tuple (X,N,m, η) constitutes an MFG equilibrium for the cryptocurrency mining model with ϵ = 0.
The equilibrium is relaxed in the sense of Definition 3.5, but is of sharp control.

4.4 Uniqueness and Sharpness of MFG Equilibrium

So far, we have not discussed the question of MFG uniqueness for the cryptocurrency MFG model.
Numerically, one observes that, for reasonable wealth utilities, the same MFG solution is obtained
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from fixed-point iterations independently of starting conditions of the algorithm, suggesting unique-
ness in these cases. Consider the discrete-time representative agent problem for a given n ∈ N with
fixed population hash-rates (η(n)k )2

nT
k=0 and assume an increasing and strictly concave utility function

v
(n)
2nT = φ. Economic intuition suggests that strict concavity and monotonicity extend to the value

functions at all times. Under the strict concavity of the value functions, one can show that

a
(n)∗
k (x) = argmax

a∈[0,L]
{E[v

(n)
k+1(xk+1)|x

(n)
k = x, a

(n)
k = a]}

is a singleton. This follows by observing that the objective function in the above maximization is
strictly quasi-concave. Moreover, using [27, Theorem 1] one can see that the quantity a

(n)∗
k (x) is

strictly decreasing in η
(n)
k everywhere except possibly on a small neighborhood of zero. Provided

that one can show that any MFG equilibrium results in a population hash-rate that is not in this
small neighborhood (which may follow in certain cases from arguments as in Proposition 4.2), then
uniqueness of equilibrium follows from a simple contradiction argument by assuming two distinct
equilibria. Note also that uniqueness of equilibrium for each n ∈ N allows one to conclude that the
continuous-time equilibrium hash rate (ηt)t∈[0,T ] is in fact [0, L]−valued (and not P([0, L]) valued),
that is, sharpness of MFG equilibrium.

Because the question of establishing conditions for uniqueness and sharpness of the MFG equi-
librium are specific to the wealth utility and parameter choices, we leave this for future work.

5 Conclusion

In this paper, we have accomplished three tasks. First, a general discrete-time MFG existence
theorem was established, involving general transition dynamics with mean-field interactions via
both the states and controls, and influencing both the transition dynamics and costs. Second,
the discrete-time result was used to obtain relaxed MFG equilibria existence results for models of
controlled jump intensity with mean-field interaction via the controls, and affecting the intensity
of the jump processes. Finally, the results were applied to provide existence guarantees for a
cryptocurrency mining MFG model, and an alternative numerical scheme, motivated by the discrete-
time to continuous-time convergence result was implemented. This scheme was shown to coincide (in
the sense of obtaining similar qualitative agent behavior) with numerical solutions to the original
continuous-time cryptocurrency mining MFG, which was solved by numerically solving coupled
Kolmogorov and HJB PDEs.

6 Appendix: Tightness Theorem

The following result is restated here for convenience, and its proof can be found in [24, Theorem
9.2.1].

Theorem 6.1. (Tightness Criteria for the space D) Consider an arbitrary collection (possibly un-
countable) of processes {X(α) : α ∈ I} taking values in the space Dk[0,∞) ( Rk-valued cadlag
functions on [0,∞)) and defined on a common probability space (Ω,F , P ). Assume that for each
δ > 0 and rational t ∈ [0,∞) ∩Q there exists a corresponding compact set Kδ,t such that

sup
α∈I

P (X
(α)
t /∈ Kδ,t) ≤ δ.
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Let now F (α)
t := σ{X(α)

s : s ≤ t} and let T (α)
T denote the set of F (α)

t stopping times that are bounded
by T . Suppose now that for each T ∈ [0,∞) we have that

lim
δ→0

sup
α∈I

sup
τ∈T (α)

T

E(1 ∧ |X(α)
τ+δ −X(α)

τ |) = 0.

Then the family of laws L(X(α))α∈I is tight.

Lemma 6.2. Let n > m be two integers and consider a deterministic parametrizing sequence
η(n) = (η

(n)
k )2

nT
k=0 ⊆ P(U). Define the shifted sequence

η̃
(n)
k =

η
(n)
k−m, k ≥ m,

δ{0}, k < m.

Assume that n,m → ∞ with n going sufficiently faster than m. Then, for the Scheme 2 dynamics
from Definition 3.6, and under the regularit assumptions 1, 2, and 3 from Assumption 3.9∣∣∣v(n)(0, x, η(n))− v(n)(0, x, η̃(n))

∣∣∣→ 0.

Proof. Write ∆n = 2−n and Nn = T2n. For a fixed deterministic sequence η(n), let Qη(n)

k denote
the one-step controlled transition operator associated with Scheme 2 at time k. Thus

v(n)(Nn, x, η
(n)) = φ(x), v(n)(k, x, η(n)) = sup

a∈U
Qη(n)

k v(n)(k + 1, ·, η(n))(x),

for k = Nn − 1, . . . , 0, and where,

Qη(n)

k f(x) = α
(n)
k f(x− ca∆n + r) + (1− α

(n)
k )f(x− ca∆n), α

(n)
k = ∆nλ(a, η

(n)
k ).

We first note a short-time stability estimate. Let δn = m∆n. Since U is compact and λ is
bounded, over any block of m time steps the total drift displacement is bounded by cLδn for some
L > 0 (in our context, we have U = [0, L]), and the probability of at least one jump is bounded
by ∥λ∥∞δn + o(δn), uniformly over the parametrizing sequence and over admissible controls. Since
µ0 is compactly supported and the jump intensity is uniformly bounded, the state processes can
be localized on compact sets with probability arbitrarily close to one, uniformly in n and in the
parametrizing sequence. On such compact sets, φ is uniformly continuous. Therefore there exists
a deterministic function ρ(δ), with ρ(δ) → 0 as δ ↓ 0, such that, uniformly over deterministic
parametrizing sequences, ∣∣∣v(n)(k, x, η(n))− v(n)(k +m,x, η(n))

∣∣∣ ≤ ρ(m∆n)

whenever both sides are defined. The same estimate holds with η(n) replaced by η̃(n).

Now compare the dynamic programs corresponding to η(n) and η̃(n). By construction,

η̃
(n)
k = η

(n)
k−m, k ≥ m.

Thus, after the first m steps, the shifted parametrizing sequence uses the same measures as the
original sequence, only delayed by m time steps. Hence the difference between the two value
functions is controlled by the value loss over the initial block of length m and the corresponding
terminal truncation of length m. Applying the preceding short-time stability estimate to these two
blocks gives ∣∣∣v(n)(0, x, η(n))− v(n)(0, x, η̃(n))

∣∣∣ ≤ 2ρ(m∆n).

Since m∆n = m2−n → 0, the result follows.
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