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Abstract

We consider a dynamic portfolio optimization problem that incorporates predictable returns,
instantaneous transaction costs, price impact, and stochastic volatility, extending the classical
results of Gârleanu and Pedersen (2013), which assume constant volatility. Constructing the
optimal portfolio strategy in this general setting is challenging due to the nonlinear nature
of the resulting Hamilton-Jacobi-Bellman (HJB) equations. To address this, we propose a
multi-scale volatility expansion that captures stochastic volatility dynamics across different time
scales. Specifically, the analysis involves a singular perturbation for the fast mean-reverting
volatility factor and a regular perturbation for the slow-moving factor. We also introduce an
approximation for small price impact and demonstrate its numerical accuracy. We formally
derive asymptotic approximations up to second order and use Monte Carlo simulations to show
how incorporating these corrections improves the Profit and Loss (PnL) of the resulting portfolio
strategy.

Keywords: optimal trading, price impact, return predictability, multiscale stochastic volatility

1 Introduction

A tractable framework for dynamic portfolio optimization under market frictions was proposed by
Gârleanu and Pedersen (2013, 2016), who derived closed-form trading strategies that incorporate
return predictability along with both instantaneous and persistent transaction costs. Specifically,
their model accounts for instantaneous costs arising from the mechanics of the limit order book,
as well as persistent transaction costs, often referred to as price impact in the literature, which
capture the lasting influence of trades on asset prices. Building on the literature on price impact,
Webster (2023) provides a comprehensive and detailed overview of modern theory, offering extensive
references on optimal execution and market impact, along with numerous practical insights into
the implementation and real-world considerations of such models.

In this paper, we extend this line of research by introducing stochastic volatility into the dynamic
trading problem. Specifically, we incorporate a multiscale stochastic volatility model governed by
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both slow and fast scale factors, following the framework of Fouque et al. (2011). Our paper also
offers additional insights into the structure and solution of the system of equations that arises even
under constant volatility, in the most general setting that includes both persistent and instantaneous
transaction costs. Gârleanu and Pedersen (2013) do not derive explicit solutions in this case but
only state that a unique solution exists under suitable conditions. We demonstrate that when price
impact is assumed to be relatively small, the system admits numerically tractable approximations.
A similar asymptotic approach is employed in the recent work of Ekren and Muhle-Karbe (2019),
where both forms of trading friction, instantaneous and persistent, are assumed to be small, leading
to a solution characterized by an algebraic Riccati equation.

In contrast with the constant volatility case considered by Gârleanu and Pedersen (2013), under
our stochastic volatility setting, the Hamilton-Jacobi-Bellman (HJB) equation becomes nonlinear.
However, by applying the asymptotic approximation method as implemented by Fouque et al.
(2011), we demonstrate that the problem can still be rendered tractable. Specifically, it can be
viewed as a perturbation around the fully tractable solution obtained under constant volatility.
Below, we further analyze and present the key aspects considered in constructing the framework
for our dynamical optimization problem.

Return predictability. One of the main aspects of a trader’s work is predicting the movement of
an asset to profit from those predictions. These forecasts are not limited to simple short-term
projections, but often involve complex models and dynamics that incorporate mean-reversion
and momentum properties.

Transaction costs. When traders execute their strategies by adjusting their positions in assets,
friction arises from these changes. This friction typically comes from factors such as the bid-
ask spread or execution commissions. Ideally, investors would like to follow the theoretical
“optimal” portfolio; however, these additional costs cause a divergence from the optimal
portfolio computed without accounting for such frictions. In the literature, transaction costs
are sometimes referred to as instantaneous transaction costs, as they are considered not to
impact the asset’s price after the trade is executed.

Price Impact. Price impact is a key factor considered by traders when deciding on their strate-
gies. It reflects the effect that trading decisions have on the asset’s price. Although the
first models incorporating price impact were introduced in the 1980s, their significance was
quickly recognized, leading to widespread adoption in both academia and the industry. In
the literature, price impact is sometimes referred to as persistent transaction costs.

Stochastic volatility. Stochastic volatility modeling plays a key role in asset pricing due to its
ability to explain empirical phenomena such as the volatility smile. As a result, such models
have been adapted to support more practical and accurate asset pricing frameworks. An
influential paper by Chacko and Viceira (2005) emphasizes the importance of multi-factor
modeling, a concept we will build upon in this paper, as they observed that significantly dif-
ferent results and insights can be drawn when analyzing high-frequency versus low-frequency
data.

In our analysis, we build on the dynamic portfolio optimization literature by incorporating all of
the above features. The resulting problem remains as tractable as the one studied by Gârleanu and
Pedersen , even though we extend the volatility model from the simple constant case to a two-factor
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model with both slow and fast scale stochastic volatility components. Under our framework, explicit
correction terms emerge, causing the optimal trading rate to diverge from the constant volatility
case. These corrections lead to significant improvements in portfolio Profit and Loss (PnL), which
we quantify using Monte Carlo simulations in the numerical section of the paper. Our contribution
also emphasizes that while multiscale stochastic volatility models have been applied in frictionless
problems such as Merton’s portfolio optimization in the work of Fouque et al. (2017b), here we
adapt these ideas to a setting including market frictions, a more realistic approach.

Additionally, in a wide variety of practically relevant stochastic volatility models (e.g., Heston,
exponential Ornstein–Uhlenbeck, and the 3/2-model), the correction terms to constant-volatility
strategies can be derived in closed form. These correction terms yield trading strategies that align
with rational and empirically observed economic behavior.

In particular, under fast-scale dynamics, traders are advised to deleverage their portfolios when the
current volatility level exceeds its long-term average, regardless of the return-volatility correlation.
In contrast, under slow-scale settings, the return-volatility correlation plays a more substantial
role. Specifically, when the correlation between volatility and returns is positive, the investor
optimally reduces their trading rate, anticipating that higher expected returns are accompanied
by higher volatility. Furthermore, we show that the impact of slow-scale stochastic volatility is
more pronounced than that of fast-scale volatility in the context of our infinite-horizon optimal
trading problem. In fact, the leading-order correction in the fast-scale volatility expansion vanishes
identically, and one must compute the second-order expansion to capture the primary effects of
fast-scale volatility.

More recent work has focused on the dynamics of price impact. An empirical analysis by Car-
mona and Webster (2019) demonstrated that the propagator used in more sophisticated models of
price impact exhibits local concavity for a general order book, providing a rigorous mathematical
framework that supports the earlier numerical findings of Bouchaud et al. (2009). In the latest
developments, Muhle-Karbe et al. (2024b) show that introducing randomness in the impact level
can effectively capture the effect of concavity, resulting in a simple yet time-varying linear model.
Additionally, Brokmann et al. (2025) propose a framework in which nonlinear price impact can be
approximated using linear trading strategies.

Recent research incorporates machine and deep learning methods into portfolio optimization to
construct optimal trading strategies. For example, Buehler et al. (2019) demonstrate a hedging
framework for path-dependent payoffs using neural networks under the impact of trading friction,
providing an extension to classical replication strategies. In more general settings, Han et al.
(2018) incorporate deep learning techniques to solve high-dimensional forward-backward stochastic
differential equations usually arising in nonlinear stochastic control problems. Heaton et al. (2017)
illustrate how deep neural networks can capture the complex structure of asset interactions, allowing
for an alternative approach to traditional portfolio construction.

Deep learning and robust control techniques have also been applied to address model uncertainty
in portfolio optimization. Pham et al. (2022) study a robust dynamic mean-variance portfolio
selection problem under drift ambiguity and derive a general “separation principle” that reduces
the optimal control problem to a simple parametric computation of the premium function. Lin et al.
(2022) propose a multiagent-based deep reinforcement learning framework for portfolio management
that adjusts risk exposure in response to changing market conditions. Cai and Yu (2025) develop a
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Bayesian learning framework under a minimax rule, allowing an investor to update beliefs about the
drift and make allocation decisions through the lens of model uncertainty. Additionally, Muhle-
Karbe et al. (2024a) compare the performance of Gârleanu and Pedersen solutions to that of
neural network-based techniques. In particular, they show that when the linear impact parameters
are optimally calibrated to the underlying nonlinear impact model, the resulting policy achieves
performance that is competitive with neural network methods, except in extremely illiquid markets.

Abi Jaber and Neuman (2022) and Neuman and Voß (2022) further advance this literature by
incorporating predictive finite-variation signals into propagator-type models with both transient
and temporary price impact. While Abi Jaber and Neuman (2022) derive explicit optimal trad-
ing strategies using an infinite-dimensional stochastic control approach, Neuman and Voß (2022)
characterize signal-adaptive execution strategies through coupled forward-backward stochastic dif-
ferential equations (FBSDEs).

The use of asymptotic approximation under multiscale stochastic volatility modeling has been
applied in both optimal investment and derivative pricing problems. As described in the book by
Fouque et al. (2011), singular and regular perturbation methods have been developed to effectively
approximate linear option pricing problems.

Our analysis and approach are similar to this line of work, but we diverge in several critical aspects.
The main difference is that we explicitly incorporate transaction costs and price impact, which leads
to more realistic market dynamics. Moreover, we consider a mean-variance optimization problem
with an infinite trading horizon, which better aligns with problems of practical interest. Finally,
this paper contributes the explicit computation of terms up to the second-order correction in the
fast-scale stochastic volatility.

Summary In Table 1 we summarize the models for dynamic trading in the literature. Type
refers to continuous or discrete-time model; Cont. stands for continuous; Disc. stands for discrete;
(g)BM stands for (geometric) Brownian motion; SV stands for stochastic volatility; pred. stands
for predictability; TC stands for the transaction costs; Lrr stands for Linear rebalancing rules.

Table 1: Dynamic trading models: problems, models and solution approaches.
Type Price dynamics Instantaneous TC Persistent TC Objective Solution

Merton (1971) Cont. gBM None No Utility Analytic
Liu and Loewenstein (2002) Cont. gBM Proportional No Utility Analytic
Kraft (2005) Cont. gBM+Heston None No Utility Analytic
Chacko and Viceira (2005) Cont. gBM+3/2 None No Utility Analytic
Moallemi and Saglam (2012) Disc. BM+pred. Quadratic No Mean-Variance Lrr
Obizhaeva and Wang (2013) Cont. BM Linear Linear Execution Cost Analytic
Bichuch and Sircar (2014) Cont. gBM+SV Proportional No Utility Asymptotic
Fouque et al. (2014) Cont. gBM+pred. None No Utility Asymptotic
Fouque et al. (2017b) Cont. gBM+SV None No Utility Asymptotic
Gârleanu and Pedersen (2013, 2016) Cont./Disc. BM+pred. Quadratic Linear Mean-Variance Analytic
Passerini and Vazquez (2015) Cont. BM+pred. Linear-quadratic No Mean-Variance Approximate
Curato et al. (2017) Cont. BM Locally concave Locally concave Execution Cost Numerical
Collin-Dufresne et al. (2020) Cont./Disc. Markovian (switching model) Quadratic None Mean-Variance Analytic
Neuman and Voß (2022) Cont. BM+pred. Quadratic Linear Execution Cost Analytic
Abi Jaber and Neuman (2022) Cont. BM+pred. Quadratic Voltera Kernel Execution Cost Analytic
Muhle-Karbe et al. (2023) Cont. BM+partially pred. Quadratic None Utility Analytic
This paper Cont. BM+pred.+SV Quadratic Linear Mean-Variance Asymptotic
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1.1 Organization

In Section 2.5 we introduce the continuous-time model with the multiscale stochastic volatility and
we derive the HJB equation for the optimal portfolio problem and give the analytical solution in
the special case of constant volatility. In subsection 2.5 we introduce the constant volatility case
analyzed by Gârleanu and Pedersen and in subsection 2.6 we propose an approximation to solve
the constant case for relatively small price impact. From this point on, to keep the presentation
manageable, we focus on the analysis of the two factors separately. We begin in Section 3 with
the case of fast volatility factor, which leads to a singular perturbation problem for the associated
HJB equation. In Section 4, we analyze the case of slowly volatility factor, which leads to a regular
perturbation problem. Section 5 discusses how the fast and slow results can be combined for
approximations under multiscale stochastic volatility. In Section 6, we illustrate our results with
numerical examples. Section 7 concludes and suggests the extension directions.

2 Market trading model

2.1 Market Friction

When executing market orders, a cost arises due to the impact of trading decisions on liquidity and,
consequently, on the price of the stock. In the existing literature, this cost is typically modeled as
quadratic in the trading speed, as proposed by Gârleanu and Pedersen (2016). Denoting qt as the
position (number of shares held) at time t, we have

dqt = ut dt, (1)

so that ut is the trading rate. This cost is usually introduced under the assumption that, after the
execution of the trade, liquidity reverts to its original level; therefore, there is no lasting impact
on the stock price. This cost is also referred to as the instantaneous transaction cost or temporary
transaction cost in the literature. Hence, it is given by

TCinstant(ut) =
K

2
u2t , (2)

where K > 0 is a positive constant governing the level of transaction cost. The interpretation is
that the transaction price of the asset exceeds the unaffected price process when ut > 0, and the
difference is proportional to the trading rate.

In addition to temporary transaction costs incurred upon trade execution, we also consider an
additional cost commonly referred to as persistent or transient transaction cost. This reflects the
effect that executed trades have on the price of the stock. In particular, buying or selling a quantity
of shares can move the price up or down, respectively. This cost is typically associated with the
term price impact, as it affects the stock price even after the trade is completed, reflecting the
possibility that liquidity may not fully recover instantly after execution.

To model this cost, we introduce the concepts of the unperturbed price Pt and the perturbed price
St, following Webster (2023). Specifically,

St = Pt + lt,
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where (lt)t≥0 corresponds to the incurred price impact. Following Gârleanu and Pedersen (2016)
and Webster (2023), we assume that the price impact evolves according to specific dynamics. In
particular, it is linear in the change in portfolio position and decays exponentially over time. Thus,
it can be modeled as:

dlt = −β lt dt+ λ dqt = (λut − βlt) dt, (3)

where β and λ are positive constants. Webster (2023) refer to β as the decay rate of the price
impact and λ as a measure of market liquidity. He considers the possibility that the parameters β
and λ vary over time, reflecting changes in market conditions. However, for simplicity, we assume
these parameters remain constant throughout our analysis.

2.2 Trader’s Wealth Function

In our model, the trader’s wealth function consists of three components that influence the profit
and loss over the trading horizon: the trader’s position in the stock, the motive to avoid excessive
risk exposure, and the transaction costs incurred during trading. For simplicity, we assume a zero
interest rate. The trader follows a self-financing trading strategy to maximize the financial gain
from their position in the stock:

Πs =

∫ s

0
qt dSt. (4)

From (3), we compute:

qt dSt = qt(dPt + dlt) = qtdPt − (βqtlt − λqtut) dt.

Secondly, we consider the risk aversion term. Although the trader aims to maximize profit, they
simultaneously seek to minimize their exposure to risk.

We now specify the market dynamics for the stock price. For clarity, we consider a single asset
with price Pt and a single return predictor xt. The dynamics of the price are given by

dPt = αt dt+ σ(Yt, Zt) dBt, (5)

where Bt is a standard Brownian motion, and Yt, Zt are stochastic volatility factors which will be
described in Section 2.3.

Without loss of generality, we decompose the drift αt, often referred to as the alpha signal in the
literature, into a constant ᾱ and a zero-mean intraday component xt, so that αt := ᾱ+ xt.

We model the signal xt as an Ornstein–Uhlenbeck process:

dxt = −κxt dt+
√
η dW

(0)
t , (6)

where W
(0)
t is independent of the Brownian motion Bt driving the stock price, and κ, η > 0.

To account for risk aversion, we include a penalization term in the objective function:

−γ
2
σ2(Yt, Zt)q

2
t dt, (7)

where γ is the risk aversion parameter, regulating the intensity of penalization due to risk exposure.
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Finally, incorporating the temporary transaction cost from equation (2), the trader’s objective is
to choose the dynamic trading strategy (ut)t≥0 to maximize the present value of all future expected
excess returns, penalized for risk and trading costs:

E
[∫ ∞

0
e−ρs

(
qsxs − βqsls − λqsus −

γ

2
σ2(Ys, Zs)q

2
s −

K

2
u2s

)
ds

]
,

where ρ > 0 is the discount factor. Assuming ut is a Markovian control, that is ut = f(qt, lt, xt, Yt, Zt)
for some deterministic function f , we define the value function

v(q, l, x, y, z) := sup
u

Eq,l,x,y,z

[∫ ∞

0
e−ρt

(
qtxt − βqtlt − λqtut −

γ

2
σ2(Yt, Zt)q

2
t −

K

2
u2t

)
dt

]
, (8)

where we use the notation

Eq,l,x,y,z[ · ] = E[ · | q0 = q, l0 = l, x0 = x, y0 = y, z0 = z],

and (q, l, x) ∈ R3. We give precise assumptions on admissible strategies and the volatility function
σ in Appendix A.

2.3 Multiscale Stochastic Volatility

We work under the multiscale stochastic volatility framework, as discussed in Fouque et al. (2011,
2017b) for option pricing and portfolio optimization, where there is one fast and one slow volatility
factor. Here, the volatility is modeled as a function σ of a fast factor Y and a slow factor Z:
σ(Yt, Zt). The volatility-driving factors (Yt, Zt) are described by:

dYt =
1

ε
b(Yt) dt+

1√
ε
a(Yt) dW

(1)
t , (9)

dZt = δc(Zt) dt+
√
δg(Zt) dW

(2)
t , (10)

where
(
W

(0)
t ,W

(1)
t ,W

(2)
t

)
are standard Brownian motions on a filtered probability space (Ω,F , (Ft)t≥0,P),

with instantaneous correlations given by:

d⟨W (0),W (i)⟩t = ρi dt, i = 1, 2, d⟨W (1),W (2)⟩t = ρ12 dt,

where |ρ1| < 1, |ρ2| < 1, |ρ12| < 1, and 1 + ρ1ρ2ρ12 − ρ21 − ρ22 − ρ212 > 0 to ensure the positive
definiteness of the covariance matrix of the three Brownian motions.

We also assume that the Brownian motions
(
W

(0)
t ,W

(1)
t ,W

(2)
t

)
are independent of Bt. The model

is specified by the coefficients (ᾱ, κ, η, ε, δ), and the functions (σ, a, b, c, g). We assume that with
these choices, (9) and (10) admit a unique strong solution on [0,∞).

The parameters ε and δ, when small, characterize the fast and slow variation of the volatility factors

Y and Z, respectively. We assume that Yt
d
= Y

(1)
t/ε , where Y

(1) is an ergodic process with a unique

invariant distribution Φ, independent of ε. Similarly, Zt
d
= Z

(1)
δt , where Z(1) is a diffusion process

with drift and diffusion coefficients c and g, respectively. We do not require additional assumptions
of ergodicity in Z(1) for slow-scale asymptotics in the limit δ ↓ 0.
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2.4 Hamilton-Jacobi-Bellman Equation

For simplicity and without loss of generality, we take ᾱ = 0 throughout.1 In the value function
equation, the supremum is taken over all admissible controls satisfying Assumption 1 (iii) (in
Appendix A). The usual dynamic programming principle leads to the HJB equation:

L2(σ(y, z))v +
1

ε
L0v +

1√
ε
L1v +

√
δM1v + δM2v +

√
ε

δ
M3v

+sup
u

{
−λqu− K

2
u2 + uvq + λuvl

}
= 0,

(11)

where we define the linear operator

L2(σ) =
1

2
η
∂2

∂x2
v − κx

∂

∂x
v − βl

∂

∂l
v + qx− βql − γ

2
σ2q2 − ρ · ,

and, following the notation in Fouque et al. (2011),

L0 =
1

2
a(y)2

∂2

∂y2
+ b(y)

∂

∂y
, L1 =

√
ηρ1a(y)

∂2

∂x∂y
,

M1 =
√
ηρ2g(z)

∂2

∂x∂z
, M2 =

1

2
g(z)2

∂2

∂z2
+ c(z)

∂

∂z
, M3 = ρ12a(y)g(z)

∂2

∂y∂z
.

Note that L0 and M2 are the infinitesimal generators of the processes Y (1) and Z(1), respectively.

We observe that the above maximization problem is quadratic in the control u. Therefore, by
substituting the optimal trading rate

u∗ =
1

K
(λq + vq + λvl),

we obtain:

L2(σ(y, z))v +
1

2K
(λq + vq + λvl)

2 +
1

ε
L0v +

1√
ε
L1v +

√
δM1v + δM2v +

√
ε

δ
M3v = 0. (12)

Remark 2.1. We note that (12) is a nonlinear partial differential equation, which is not readily
solvable either analytically or numerically. Our strategy is to view it as a perturbation of the special
case with constant volatility, as studied in Gârleanu and Pedersen (2013). In Appendix A, we state
the standard assumptions, following Crandall et al. (1992), that ensure existence and uniqueness
of a viscosity solution to this PDE. Under these assumptions, we also establish a verification result
for the optimal control in Proposition A.1.

1The case of nonzero ᾱ can be analyzed analogously, although it leads to more cumbersome expressions that do
not provide additional insight into the structure of the optimal trading problem.
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2.5 Constant Volatility Solution

In the case of constant volatility σ, the value function v(q, l, x) does not depend on the volatility
factors y and z. The HJB equation simplifies to

L2(σ)v +
1

2K
(λq + vq + λvl)

2 = 0. (13)

To solve this, we follow the approach in Gârleanu and Pedersen (2013), assuming a solution of the
form:

v(q, l, x) = −1

2
Aqqq

2 +
1

2
Alll

2 +
1

2
Axxx

2 +Aqlql +Aqxqx+Axlxl +A0. (14)

Plugging this ansatz (14) into equation (13), we obtain the following algebraic system for the
coefficients A’s:

ρ

2
Aqq −

γ

2
σ2 +

1

2K
(λ−Aqq + λAql)

2 = 0, (15)

1

K
(Aql + λAll)(λ−Aqq + λAql)− βAql − ρAql − β = 0, (16)

1

K
(Aqx + λAxl)(λ−Aqq + λAql)− ρAqx − κAqx − 1 = 0, (17)

1

2K
(Aql + λAll)

2 − ρ

2
All − βAll = 0, (18)

1

K
(Aql + λAll)(Aqx + λAxl)− κAxl − βAxl − ρAxl = 0, (19)

1

2K
(Aqx + λAxl)

2 − ρ

2
Axx − κAxx = 0, (20)

η

2
Axx − ρA0 = 0. (21)

To compute the coefficients A, we must solve the nonlinear system (15)–(21). This system is
substantially more involved than in the case without price impact (λ = β = 0), for which Gârleanu
and Pedersen (2013) obtain closed-form expressions for the coefficients Aqq, Axx, Aqx, A0, while the
remaining ones vanish. In the general setting with both instantaneous and persistent price impact,
no closed-form solution can be derived.

A key result from Gârleanu and Pedersen (2016) is that, for sufficiently large risk aversion γ ≥ ρ λ
σ2 ,

the value function becomes strictly concave in the control q. This condition implies that the
quadratic coefficient must satisfy Aqq > 0. While this ensures the existence of at least one admissible
positive solution, it does not by itself guarantee uniqueness.

To analyze the structure of the solutions, we first focus on the subsystem consisting of equations
(15), (16), and (18), which depend only on the coefficients (Aqq, Aql, All). Solving (15) and (18) for
Aqq and All in terms of Aql, and substituting into (16), yields a quartic polynomial equation for
Aql. The real roots of this quartic provide candidate values for Aql, and each such root determines
corresponding values of Aqq and All.

Numerically, we observe that for any fixed positive parameters (ρ, σ, λ, β, η, κ,K), and for suffi-
ciently large γ, the quartic admits four real roots, of which exactly one produces a positive value of
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Aqq. The remaining three roots yield negative values. Since only a positive Aqq ensures concavity
of the value function, this identifies a unique solution for (Aqq, Aql, All). After determining these
three coefficients, the remaining equations (17), (19), (20), and (21) are linear and can be solved
sequentially to obtain the full set of coefficients.

Optimal Trading Strategy

Solving the system above provides the value function in the form of (14). The corresponding
optimal trading rate is:

u∗(q, x, l) =
1

K
(λq + vq + λvl)

=
1

K
[(λ−Aqq + λAql)q + (Aql + λAll)l + (Aqx + λAxl)x] .

This control can be rewritten in a more interpretable form using the notion of a target portfolio
and tracking speed, as introduced by Gârleanu and Pedersen (2013, 2016):

u∗ = rc(σ2)(aimc
t(σ

2)− q),

where

rc(σ2) =
1

K
(Aqq − λ− λAql), and aimc

t(σ
2) =

(Aql + λAll)lt + (Aqx + λAxl)xt
Aqq − λ− λAql

, (22)

provided that rc ̸= 0. This formulation reflects that the trader is tracking a time-varying target
portfolio aimc

t at an adjustment speed rc. We emphasize the dependence of rc and aimc
t on the

volatility parameter σ, as this dependence will be extended in the stochastic volatility case.

2.6 Small Price Impact Approximation

The system (15) - (21) we must solve to find the leading order term is nonlinear. Therefore, in this
subsection, we propose an analytical technique to simplify and accelerate computations. Empirical
evidence from Webster (2023), as well as the references cited therein, suggests that the price impact
is relatively small compared to the size of the position held in the stock. Thus, we introduce the
scalling paramter θ into the dynamics of the price impact process as:

dlt = −θβlt dt+ θλ dqt,

where θ is assumed to be small.

We introduce the notation Aθ for the solution to the algebraic system, with the replacements
β 7→ θβ and λ 7→ θλ.

We then expand each coefficient Aθ in a power series in θ:

Aθ
qq = A(0)

qq + θA(1)
qq + θ2A(2)

qq + · · · .

Plugging this ansatz and expansion into the system (15) - (21) yields a polynomial in θ. The
coefficients of each power of θ must vanish identically, allowing us to solve recursively.
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2.6.1 Zeroth Order Term θ0

Setting θ equal to zero, the system matches the result in Gârleanu and Pedersen (2013), which
neglects price impact. Hence, we obtain the simpler system:

1

2K
A(0)

qq

2
+

1

2
ρA(0)

qq − γσ2

2
= 0,

1− ρA(0)
qx − 1

K
A(0)

qq A
(0)
qx − κA(0)

qx = 0,

1

2K
A(0)

qx

2 − κA(0)
xx − 1

2
ρA(0)

xx = 0,

η

2
A(0)

xx − ρA
(0)
0 = 0,

(23)

with A
(0)
ql = A

(0)
ll = A

(0)
xl = 0.

In the above system, (23) is scalar quadratic for A
(0)
qq , and the other three are linear in the remaining

coefficients. Thus, the solution is given by

A(0)
qq =

K

2

(√
ρ2 +

4γσ2

K
− ρ

)
, A(0)

qx =

(
κ+ ρ+

A
(0)
qq

K

)−1

, A(0)
xx =

A
(0)
qx

2

K(2κ+ ρ)
, A

(0)
0 =

η

2ρ
A(0)

xx .

2.6.2 First Order Term θ1

We now consider the θ1 term. The corresponding system of equations is:

ρ

2
A(1)

qq − 1

K

(
λ−A(1)

qq + λA
(0)
ql

)
A(0)

qq = 0,

1

K

(
λ−A(1)

qq + λA
(0)
ql

)
A

(0)
ql − βA

(0)
ql − ρA

(1)
ql − β − 1

K

(
A

(1)
ql + λA

(0)
ll

)
A(0)

qq = 0,

1

K

(
λ−A(1)

qq + λA
(0)
ql

)
A(0)

qx − ρA(1)
qx − κA(1)

qx − 1

K

(
A(1)

qx + λA
(0)
xl

)
A(0)

qq = 0,

1

K

(
A

(1)
ql + λA

(0)
ll

)
A

(0)
ql − ρ

2
A

(1)
ll − βA

(0)
ll = 0,

1

K

(
A

(1)
ql + λA

(0)
ll

)
A(0)

qx − κA
(1)
xl − ρA

(1)
xl − βA

(0)
xl +

1

K

(
A(1)

qx + λA
(0)
xl

)
A

(0)
ql = 0,

1

K

(
A(1)

qx + λA
(0)
xl

)
A(0)

qx − ρ

2
A(1)

xx − κA(1)
xx = 0,

η

2
A(1)

xx − ρA
(1)
0 = 0,

which is linear in the unknown A(1) terms. Solving we find:

A(1)
qq =

2λA
(0)
qq

2A
(0)
qq +Kρ

, A
(1)
ql = − βK

ρK +A
(0)
qq

, A(1)
qx = A(0)

qx

2
(
λ−A(1)

qq

)
A

(1)
ll = 0, A

(1)
xl =

A
(0)
qx A

(1)
ql

K(κ+ ρ)
, A(1)

xx =
2A

(0)
qx A

(1)
qx

K (2κ+ ρ)
, A

(1)
0 =

η

2ρ
A(1)

xx .

The second-order term is provided in the appendix. The accuracy of the first order approximation
is numerically demonstrated in Section 6.
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3 Single Fast Factor

We first analyze the optimal trading problem when there is only one fast volatility factor, σ = σ(Yt).
In this case, the PDE of the value function v(q, l, x, y) is:

L2(σ(y))v
ε +

1

2K
(λq + vεq + λvεl )

2 +

(
1

ε
L0v

ε +
1√
ε
L1v

ε

)
= 0. (24)

This is a singular perturbation problem in the limit ε ↓ 0, and we approach it by constructing an
asymptotic expansion for the value function:

vε(q, l, x, y) = v(0)(q, l, x) +
√
ε v(1)(q, l, x) + ε v(2)(q, l, x, y) + ε3/2v(3)(q, l, x, y) + · · ·

By substituting this expansion into (24) and collecting terms by powers of ε, we analyze the system
order-by-order in the subsections below.

3.1 Zeroth Order Term v(0)

To begin with, the ε−1 order yields the PDE L0v
(0) = 0. Since L0 contains derivatives only with

respect to y, we choose v(0) to be independent of y; hence, v
(0)
y ≡ 0.

Next, the ε−1/2 order gives:

L0v
(1) + L1v

(0) = 0.

Since L1v
(0) = 0, we again choose v(1) to be independent of y.

Now consider the ε0 order:

L0v
(2) + L1v

(1) + L2(σ(y))v
(0) +

1

2K
(λq + v(0)q + λv

(0)
l )2 = 0, (25)

and observe that L1v
(1) = 0.

We view (25) as a Poisson equation for v(2). The Fredholm alternative (solvability condition)
requires: 〈

L2(σ(y))v
(0) +

1

2K
(λq + v(0)q + λv

(0)
l )2

〉
= 0,

where ⟨·⟩ denotes expectation under the invariant distribution Φ of the ergodic process Y
(1)
t :

⟨h⟩ =
∫
h(y) Φ(dy).

We define
σ̄ :=

√
⟨σ2⟩. (26)

Using the fact that v(0) is independent of y, we obtain the simplified solvability condition:

L2(σ̄)v
(0) +

1

2K
(λq + v(0)q + λv

(0)
l )2 = 0. (27)

12



This is identical to the PDE from the constant-volatility case (Section 2.5), except with σ replaced
by ⟨σ⟩. Therefore, v(0) can be assumed to have the same quadratic form:

v(0)(q, l, x) = −1

2
Aqqq

2 +
1

2
Alll

2 +
1

2
Axxx

2 +Aqlql +Aqxqx+Axlxl +A0.

We then return to (25) and subtracting the left hand side of (27), we obtain:

L0v
(2) =

γ

2

(
σ2(y)− ⟨σ2⟩

)
q2 =: h(y). (28)

This Poisson equation has the general solution:

v(2)(q, y) = −
∫ ∞

0
Pth(y) dt+ C(q, l, x),

where C is independent of y, and Pth(y) := E[h(Y (1)
t ) | Y (1)

0 = y]. See Fouque et al. (2011, Section
3.2).

3.2 First Order Term v(1)

The
√
ε order in the expansion yields:

−ρv(1) − βlv
(1)
l +

1

K

(
v(1)q + λv

(1)
l

)(
λq + v(0)q + λv

(0)
l

)
− κxv(1)x +

1

2
ηv(1)xx + L0v

(3) + L1v
(2) = 0.

This is a Poisson equation for v(3). Its solvability condition is:

−ρv(1) − βlv
(1)
l +

1

K

(
v(1)q + λv

(1)
l

)(
λq + v(0)q + λv

(0)
l

)
− κxv(1)x +

1

2
ηv(1)xx = 0.

This is a linear and homogeneous PDE for v(1), which admits the trivial solution v(1) ≡ 0. As a
result, we also have L0v

(3) = 0 and we choose v(3) to be independent of y.

3.3 Second Order Term v(2)

At order ε, the expansion gives:

− ρv(2) − βlv
(2)
l +

1

2K

(
v(1)q + λv

(1)
l

)2
+

1

K

(
v(2)q + λv

(2)
l

)(
λq + v(0)q + λv

(0)
l

)
− κxv(1)x +

1

2
ηv(1)xx + L0v

(4) + L1v
(3) = 0.

Since v(1) = 0 and v
(3)
y = 0, this reduces to a linear homogeneous equation for C(q, l, x):

−ρC − βlCl +
1

K
(Cq + λCl)

(
λq + v(0)q + λv

(0)
l

)
= 0.

We may choose C ≡ 0 without loss of generality. Therefore, the leading-order correction to the
value function is:

v(2)(q, y) = −1

2
q2ϕ(y), where we define ϕ(y) := γ

∫ ∞

0
Pt

(
σ2(y)− ⟨σ2⟩

)
dt. (29)

13



Example 1. Suppose σ2(y) = y, and the volatility factor Y
(1)
t follows the Cox-Ingersoll-Ross (CIR)

process (1985), given by:
b(y) = θ(µ− y), a(y) = ψ

√
y.

Applying the transition semigroup Pt to the function h(y) = γ
2 (y − µ)q2, we compute:

Pth(y) = E
[
h(Y

(1)
t )

∣∣Y (1)
0 = y

]
=
γ

2
q2 E

[
Y

(1)
t − µ

∣∣Y (1)
0 = y

]
=
γ

2
q2 e−θt(y − µ).

Then by integrating as in equation (29), we find the second-order correction:

v(2) = − γ

2θ
(y − µ)q2.

One can directly verify that this expression solves the Poisson equation (28).

Example 2. As an alternative, consider the exponential Ornstein-Uhlenbeck (OU) stochastic
volatility model studied by Masoliver and Perelló (2006). Here, σ(y) = mey, and the volatility

factor Y
(1)
t follows:

b(y) = −θy, a(y) = σ̂.

We apply the transition semigroup Pt to:

h(y) =
γ

2
q2
(
σ2(y)− ⟨σ2⟩

)
=
γ

2
q2
(
m2e2y − ⟨m2e2y⟩

)
.

Using known properties of the OU process, we compute:

Pth(y) = E
[
h(Y

(1)
t )

∣∣Y (1)
0 = y

]
=
γ

2
q2m2ek

2/α

(
e2ye

−αt− k2

α
e−2αt − 1

)
.

While the integral
∫∞
0 Pth(y) dt does not admit a simple closed-form, an approximation can be

derived for small fluctuations around the mean:

v(2) = −γ
2
q2m2ek

2/α

∫ ∞

0

(
e2ye

−αt− k2

α
e−2αt − 1

)
dt

≈ − γ

4α
q2m2ek

2/α
(
4y Γ

(
1
2 ,

k
α2

)
−
[
γ̂ + Γ

(
0, k

2

α

)
+ log

(
k2

α

)])
,

where γ̂ ≈ 0.5772 is the Euler–Mascheroni constant, and Γ(a, z) is the upper incomplete gamma
function:

Γ(a, z) =

∫ ∞

z
ta−1e−tdt.
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3.4 Optimal Trading Strategy

Incorporating the correction term into the control, we obtain:

u∗(q, l, x, y) =
1

K
[(λ−Aqq + λAql)q + (Aql + λAll)l + (Aqx + λAxl)x]−

1

K
εqϕ(y)

=

(
rc(⟨σ2⟩) + 1

K
εϕ(y)

)(
(Aql + λAll)l + (Aqx + λAxl)x

Aqq − λ− λAql + εϕ(y)
− q

)
,

where, we write u∗t := rf (aimf
t − q) with:

rf := rc(⟨σ2⟩) + 1

K
εϕ(Yt),

and

aimf
t :=

(Aql + λAll)lt + (Aqx + λAxl)xt
Aqq − λ− λAql + εϕ(Yt)

=

(
1− ε

ϕ(Yt)

Aqq − λ− λAql
+ · · ·

)
× aimc

t(⟨σ2⟩),

and recall that rc and aimc were given in (22), assuming again that rc ̸= 0.

Thus, the principal correction to the optimal trading rate is given by:

u(2)(q, y) = − q

K
ϕ(y).

Example 1 (continued). In the case where the volatility factor is governed by a Cox-Ingersoll-
Ross process, this correction simplifies to:

u(2)(q, y) = − γ

θK
q(y − µ).

This implies that the investor should optimally reduce exposure when the current volatility level is
above its long-term average.

In the case of a fast CIR volatility factor, the corrected strategy parameters are:

rf = rc + ε
γ

θK
(y − µ),

aimf
t = aimc

t

(
1− ε

γ

θ(Aqq − λ− λAql)
(y − µ)

)
.

In words, the optimal trading speed rf increases with the current volatility level y, while the size of
the target portfolio aimf

t is scaled down when volatility is above its long-run mean. These effects
are mitigated by a larger transaction cost K or a lower risk-aversion coefficient γ.

4 Single Slow Factor

In this section, we consider the case where only one slow-scale stochastic volatility factor is present
in the model. In this case, the PDE of the value function v(q, l, x, z) is:

L2(σ(z))v
δ +

1

2K
(λq + vδq + λvδl )

2 + δM2v
δ +

√
δM1v

δ = 0. (30)

This is structurally similar to equation (12) but without the y-dependence. To solve the PDE, we
apply the following asymptotic expansion:

vδ(q, l, x, z) = v(0)(q, l, x, z) +
√
δv(1)(q, l, x, z) + δv(2)(q, l, x, z) + · · · .
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4.1 Zeroth Order Term δ0

Substituting the expansion into the PDE equation and collecting terms of similar powers of δ, we
start with the constant term to obtain the following:

L2(σ(z))v +
1

2K
(λq + vq + λvl)

2 = 0.

This PDE resembles equation (13), with the only difference being the explicit z-dependence of σ.
Therefore, the problem reduces to a parameterized version of the constant volatility case. From
section 2.5, we have the solution:

v(0)(q, l, x) =− 1

2
Aqq(z)q

2 +
1

2
All(z)l

2 +
1

2
Axx(z)x

2 +Aql(z)ql +Aqx(z)qx+Axl(z)xl +A0(z),

where we show the dependence of coefficients on z inherited from σ(z).

4.2 First Order Term
√
δ

At order
√
δ, the resulting PDE is:

−ρv(1) − βlv
(1)
l − κxv(1)x +

1

2
ηv(1)xx +

1

K
(v(1)q + λv

(1)
l )(λq + v(0)q + λv

(0)
l ) +M1v

(0) = 0.

We assume a linear form for v(1):

v(1)(q, l, x, z) = Bq(z)q +Bl(z)l +Bx(z)x.

By plugging this linear ansatz into the previous equation, we obtain a polynomial in the variables
q, l, and x. Since this polynomial is identically zero, equating the coefficients of each monomial to
zero yields the following system:

1

K
(Bq(z) + λBl(z))(λ−Aqq(z) + λAql(z))− ρBq(z) +

√
ηρ2A

′
qx(z)g(z) = 0,

1

K
(Aql(z) + λAll(z))(Bq(z) + λBl(z))− (ρ+ β)Bl(z) +

√
ηρ2A

′
xl(z)g(z) = 0,

1

K
(Aqx(z) + λAxl(z))(Bq(z) + λBl(z))− (ρ+ κ)Bx(z) +

√
ηρ2A

′
xx(z)g(z) = 0.

This is a linear system in the variables Bq(z), Bl(z), and Bx(z). We define

Γ(z) = βλ− ρAqq(z)− βAqq(z) + λρ−Kρ2 + βλAql(z) + 2λρAql(z)−Kβρ+ λ2ρAll(z).

In the case when λ = β = 0, we can easily see that Γ(z) > 0 for all σ(z) > 0. Hereafter, we assume
that price impact is small enough for this to remain the case. The solution to the linear system is
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then given by

Bq(z) = −√
ηρ2g(z)Γ(z)

−1
(
A′

xl(z)λ
2 −Aql(z)A

′
qx(z)λ−Aqq(z)A

′
xl(z)λ+A′

qx(z)Kβ

+A′
qx(z)Kρ−All(z)A

′
qx(z)λ

2 +Aql(z)A
′
xl(z)λ

2
)
,

Bl(z) = −√
ηρ2g(z)Γ(z)

−1
(
Aql(z)A

′
qx(z)−A′

xl(z)λ+Aqq(z)A
′
xl(z) +All(z)A

′
qx(z)λ

−Aql(z)A
′
xl(z)λ+A′

xl(z)Kρ
)
,

Bx(z) = −√
η

ρ2
κ+ ρ

g(z)Γ(z)−1
(
Aqx(z)A

′
qx(z)β +Aqq(z)A

′
xx(z)β +Aqx(z)A

′
qx(z)ρ+Aqq(z)A

′
xx(z)ρ

−A′
xx(z)βλ−A′

xx(z)λρ+A′
xx(z)Kρ

2 −All(z)A
′
xx(z)λ

2ρ

+Axl(z)A
′
xl(z)λ

2ρ−Aql(z)A
′
xx(z)βλ+A′

qx(z)Axl(z)βλ

− 2Aql(z)A
′
xx(z)λρ+Aqx(z)A

′
xl(z)λρ+A′

qx(z)Axl(z)λρ

+A′
xx(z)Kβρ

)
.

(31)

4.3 Optimal trading strategy

Under these model settings, should we take into consideration only the first correction term, the
optimal trading strategy is

u∗ =
1

K

(
(λ−Aqq(z) + λAql(z))q + (Aql(z) + λAll(z))l + (Aqx(z) + λAxl(z))x

)
+

√
δ

K
(Bq(z) + λBl(z))

where u∗ := u∗(q, l, x, z).

Using the same representation as in the previous cases with constant and slow-scale volatility, we
can write the optimal control as

u∗ =
1

K

(
(λ−Aqq(z) + λAql(z))q + (Aql(z) + λAll(z))l + (Aqx(z) + λAxl(z))x

)
+

√
δ

K
(Bq(z) + λBl(z)).

As before, we write u∗t = rs(Zt)(aim
s
t − q), with

rs := rc(σ2(Zt)) and aims
t := aimc

t(σ
2(Zt)) +

√
δ
Bq(Zt) + λBl(Zt)

Aqq − λ− λAql
.

When price impact is relatively small, and the correlation ρ2 is negative, the investor optimally
increases leverage when the signal xt is positive. This is because a positive return shock is associated
with lower volatility, and thus a higher target portfolio captures this potential gain. Conversely, the
investor deleverages when the signal xt is negative. In that case, the target portfolio is short the
stock, and a negative return shock is associated with higher volatility and therefore greater risk.
These two effects counteract each other, and the investor optimally shrinks the target position
toward zero. The case of positive correlation ρ2 can be analyzed analogously.

In Appendix C, we provide a straightforward method for computing the necessary derivatives
required to evaluate the B terms in formulas (31). In Appendix D, we present explicit formulas for
the second-order approximation in the case of a single slow factor.
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5 Multiscale multifactor volatility model

We consider the enriched model with both fast and slow volatility factors. In our analysis below,
we follow the same reasoning as in the previous sections and derive similar results with a few
modifications. The derived PDE is (12) plunging vε,δ instead of v.

To deal with this PDE, we introduce the asymptotic expansion with respect to both δ and ε. We
begin with the expansion in the slow scale factor:

vε,δ = vε,0 +
√
δ vε,1 + δ vε,2 + · · · .

Setting δ = 0, we obtain the following PDE:

L2(σ(y, z))v
ε,0 +

1

2K

(
λq + vε,0q + λvε,0l

)2
+

1

ε
L0v

ε,0 +
1√
ε
L1v

ε,0.

Next, we expand with respect to the fast volatility factor:

vε,0 = v(0) +
√
ε v(1,0) + ε v(2,0) + · · · .

This is the same setting as in Section 3. Hence, using the same analysis, we obtain that v(0) is the
solution from the constant volatility case, where σ̄2(z) := ⟨σ2(·, z)⟩.

The first and second correction terms, as derived in Section 3, are:

v(1,0) = 0,

v(2,0)(q, z, y) = −γ
2
q2
∫ +∞

0
Pt

(
σ2(y, z)− σ̄2(z)

)
dt := −1

2
q2ϕ(y, z).

We now consider the first-order correction in the slow scale expansion, at order
√
δ. This yields

the PDE:

0 =
1

K

(
vε,1q + λvε,1l

)(
λq + vε,0q + λvε,0l

)
− ρvε,1 − βlvε,1l − κxvε,1x +

1

2
vε,1xx

+
1

ε
L0v

ε,1 +
1√
ε

√
ηρ1a(y)v

ε,1
xy +

√
ηρ2g(z)v

ε,0
xz +

√
δ

ε
ρ12a(y)g(z)v

ε,0
yz .

(32)

Expanding further:

vε,1 = v(0,1) +
√
ε v(1,1) + ε v(2,1) + · · · .

Considering the ε−1 order in equation (32), we obtain L0v
(0,1) = 0, implying that v(0,1) = v(0,1)(q, l, x, z),

independent of y. Similarly, from the ε−1/2 order, L0v
(1,1) = 0, so v(1,1) = v(1,1)(q, l, x, z).

Now, collecting the constant order terms, we derive the following PDE:

0 =
1

K

(
v(0,1)q + λv

(0,1)
l

)(
λq + v(0)q + λv

(0)
l

)
− ρv(0,1) − βlv

(0,1)
l − κxv(0,1)x +

1

2
v(0,1)xx

+ L0v
(2,1) + L1v

(1,1) +M1v
(0) +M3v

(1,0).
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Recognizing this as a Poisson equation in v(2,1), we apply the solvability condition:

0 =
1

K

(
v(0,1)q + λv

(0,1)
l

)(
λq + v(0)q + λv

(0)
l

)
− ρv(0,1) − βlv

(0,1)
l − κxv(0,1)x +

1

2
v(0,1)xx +M1v

(0).

This matches the PDE equation for the fast scale case. Therefore, by the same reasoning, we
conclude:

v(0,1)(q, l, x, z) = Bq(z) q +Bl(z) l +Bx(z)x,

where the coefficients Bq(z), Bl(z), and Bx(z) are given in formulas (31).

Here, Aqq(z), All(z), Axx(z), Aql(z), Aqx(z), and Axl(z) are defined as in the constant volatility
case with volatility σ̄2(z).

Optimal Trading Strategy

From the previous analysis, we conclude that the optimal trading rate, incorporating corrections
to the constant volatility case up to orders ε and

√
δ, is given by:

uε,δ
∗
=

1

K
[(λ−Aqq(z) + λAql(z))q + (Aql(z) + λAll(z))l + (Aqx(z) + λAxl(z))x]

+
1

K

√
δ (Bq(z) + λBl(z))−

1

K
εq ϕ(y, z),

where Aqq(z), Aql(z), All(z), Aqx(z), Axl(z) are derived from the solution of the system in Section 2.5,
and Bq(z), Bl(z) are as derived in Section 4.

Using the same notation introduced in earlier Sections, we express the optimal strategy as:

u∗ = rm (aimm
t − q) ,

where we define:

rm := rc(σ̄2(Zt)) +
1

K
εϕ(Yt, Zt) and

aimm
t := aimc

t(σ̄
2(Zt))×

(
1− ϵ

ϕ(Yt)

Aqq − λ− λAql

)
+
√
δ

Bq(Zt) + λBl(Zt)

Aqq(Zt)− λ− λAql(Zt) + εϕ(Yt)
.

Remark 5.1. Both the aim and the tracking speed are affected by multiscale stochastic volatility
in the representation above.

6 Examples and Numerical Solutions

We present numerical examples to demonstrate that the asymptotic approximation can be computed
efficiently under a variety of practically relevant models. We then show how the proposed algorithms
improve Profit & Loss (PnL) through Monte Carlo simulations.

Each example highlights how the speed and accuracy of execution evolve when incorporating the
asymptotic corrections. Our primary goal is to evaluate how PnL differs when executing trades at
a constant rate versus the corrected, optimal trading rate.
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6.1 Numerical Approximation of Price Impact

To implement the Monte Carlo simulation, particularly in the slow-scale regime, we employ the
approximation method described in Appendix C. Solving the full nonlinear system at each time
step and for every sample path would be computationally prohibitive. Therefore, we apply the
first-order approximation introduced in Section 2.6 to compute all the coefficients A’s.

We compare the approximated coefficients to the exact solutions of the system and calculate the
normalized error across a wide range of volatility values σ, as shown in Figure 1.

Figure 1: Normalized error of each coefficient using the first-order small price impact approximation
from Section 2.6. The parameter values used are: ρ = 0.2, γ = 5, K = 1, λ = β = 1, θ = 0.1,
κ = 1, and η = 1.

We also compute the normalized error for the four main derivatives of the coefficients, which
are necessary to evaluate the Bq and Bl terms in the first-order correction. These derivative
approximations, based on Appendix C, are illustrated in Figure 2.
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Figure 2: Normalized error of the key derivatives used in computing the B terms. Parameters are
the same as in Figure 1.

In both figures, the errors are generally of order O(θ2), validating the use of the first-order approxi-
mation in the Monte Carlo simulation to reduce computational cost. Moreover, we observe that the
normalized error decreases rapidly as the volatility σ increases, consistently across all coefficients
and their derivatives.

6.2 Fast Factor Example

We assume that the dynamics of the asset price and its stochastic volatility follow Heston’s model.
Specifically, as in Example 1 in Section 3.3, we have

σ(y) =
√
y, b(y) = χ(µ− y), and a(y) = ψ

√
y,

where χ, ψ, and µ are constant parameters. We assume the standard Feller condition ψ2 < 2µ,
which guarantees positivity of the volatility process and depends only on constants, independent
of time scaling.

In this setting, the optimal trading strategy, including the second-order correction term discussed
in Section 3 is given by:

u∗(q, l, x, y) =
1

K
((λ−Aqq + λAql) q + (Aql + λAll) l + (Aqx + λAxl)x)−

1

K
ε
γ

θ
(y − µ) q.

We illustrate the trading speed and the corresponding aim portfolio under this strategy. Figure 3
shows how these quantities vary as a function of the transaction cost parameter K. We highlight
that the solid line, corresponding to the case y = µ, represents the speed without the correction
term, denoted by rc. As noted earlier, when the volatility exceeds its long-term average µ, the
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correction term suggests increasing the adjusted trading speed rf . Conversely, when the volatility
falls below µ, the correction acts to reduce the trading speed. We also observe the opposite effect
for the targeted tracking portfolio aimf : it decreases when the volatility is above the average µ,
and increases when the volatility is below µ.

Figure 3: Optimal trading speed and aim portfolio for varying values of the transaction cost
parameter K, with and without the second-order correction term. We use the following numerical
values for the parameters: γ = 5, λ = β = 0.1, κ = η = 1, ρ1 = 0.5, K = 1, x = 1, µ = 0.2, χ = 1,
ψ = 0.25, and ε = 0.25.

With a time horizon of T = 2 years, we use Monte Carlo simulation to compare the realized PnL of
two strategies: (i) the constant-rate optimal strategy with volatility σ̄ given in equation (26), and
(ii) the corrected strategy that incorporates fast mean-reverting stochastic volatility. This quantity
σ̄ is the best constant estimate for volatility that is independent of ε. The results are shown in
Figure 4.

Figure 4: Monte Carlo simulation results: comparison of portfolio PnL under the constant volatility
case strategy and the corrected strategy. Parameter’s values are as in Figure 3 with γ = 2, q0 = 0,
l0 = 0, x0 = 5.
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As observed in Figure 4, the second-order correction has a significant impact on portfolio perfor-
mance. In particular, the corrected strategy leads to a substantial improvement in PnL, with an
average increase of 53.27 basis points relative to the constant volatility strategy, when Y0 = 0.4.

Moreover, we compute the variance of the PnL in both cases: under the optimal strategy assuming
constant volatility and under the corrected strategy. In particular, we observe that the variance is
lower in the corrected case, namely 0.6286 compared to 0.6515 without the correction.

6.3 Slow Factor Example

Kraft (2005) considered a one-factor stochastic volatility model in which the volatility factor Zt

follows a Cox-Ingersoll-Ross (CIR) process, with dynamics defined by

σ(z) =
√
z, c(z) = m− z, and g(z) = β

√
z.

We again assume the standard Feller condition β2 < 2m, which notably does not depend on the
time scale parameter δ.

We provide plots to compare the aim portfolio under the constant volatility strategy versus the
corrected strategy. As shown in Section 4, the trading speed remains unchanged in this regime. In
particular, Figure 5 illustrates how the optimal target portfolio evolves with respect to the variables
x and l, across a range of values for the volatility factor z. The plots confirm the earlier observation
regarding the effect of the correlation between the Brownian motion driving expected returns and
the volatility factor Z. Specifically, when this correlation is positive, the targeted portfolio aims

t

is larger compared to the constant volatility case. The opposite holds in the case of negative
correlation, where the corrected aim is reduced relative to the uncorrected benchmark.

Figure 5: Comparison of the aim portfolio under the constant and corrected strategies, across a
range of volatility values σ(z). The left plot is consturcted choosing x = 0.2, l = 0, and the right
plot with x = 0.2, l = 0.05. We use the parameter values γ = 5, λ = β = 0.1, κ = η = 1, ρ2 = 0.5,
K = 1, m = 0.2, β = 0.25, and δ = 0.5.

Using a time horizon of T = 2 years, we perform Monte Carlo simulations to compare the realized
portfolio PnL under the constant-rate strategy and the corrected strategy. Figure 6 shows the
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empirical probability density functions (PDFs) of the PnL gains for various initial values of the
volatility factor z. The corresponding statistical summaries are provided in Table 2. Notably, even
though the time scale parameter δ in this slow-factor setting is much smaller than the ε used in
the fast-scale example in Section 6.2, the PnL gains are of comparable magnitude. This supports
our earlier conclusion that the slow factor has a more significant effect in correcting the constant
volatility strategy.

Figure 6: Monte Carlo simulation: empirical PDFs of PnL gains under the corrected strategy, for
different initial values Z0 of the volatility factor. Parameters are used as in Figure 5, with q0 = 0,
l0 = 0, x0 = 2 and δ = 0.252.
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Table 2: Statistical summary of PnL gains (in basis points) under the corrected strategy for various
initial values of the volatility factor Z0. Parameters are used as in Figure 6.

Z0 Mean (bps) Std (bps) 95% Confidence Interval

0.1 34.2532 235.7638 [29.6322, 38.8741]
0.2 14.7266 79.2333 [13.1736, 16.2796]
0.3 8.3127 39.4801 [7.5389, 9.0865]
0.4 5.0165 24.3310 [4.5396, 5.4934]
0.5 2.3825 15.0484 [2.0875, 2.6774]
0.6 0.6804 10.7493 [0.4698, 0.8911]

7 Conclusion

Empirical studies have shown that stochastic volatility can be effectively modeled using two factors,
one fast and one slow, as proposed by Fouque et al. (2011). In our analysis, we extend the classi-
cal optimal execution problem under constant volatility, as considered by Gârleanu and Pedersen
(2013), by incorporating this multiscale volatility framework.

The impact of stochastic volatility on optimal execution can be systematically studied using asymp-
totic approximations, which preserve the tractability of the resulting optimal strategy. In particular,
we derive the first two terms of the asymptotic expansion of the Gârleanu and Pedersen (2013)
value function, separately in the cases of a single fast and a single slow volatility factor. Moreover,
in Section 5, we demonstrate how these approximations can be combined in the general case of
multiscale stochastic volatility.

Rigorous mathematical analysis establishing the accuracy of such asymptotic approximations has
been carried out for the option pricing problem in Fouque et al. (2011), and more recently for the
classical Merton problem in Fouque et al. (2022). In the context of our problem setting, a similar
theoretical justification is left for future work.

We have also proposed a method using small parameter approximations to solve the system derived
in Gârleanu and Pedersen (2016) for relatively small price impact. Through numerical examples
and Monte Carlo simulations, we have demonstrated that the resulting optimal strategies indeed
lead to more efficient portfolio management and improvements in Profit and Loss when volatility
exhibits distinct time scale fluctuations.

To extend this work, there are several directions that can be considered to further enrich the
model and capture more complex behaviors, thereby achieving a more accurate representation of
real-world market dynamics.

1. Stochastic Liquidity. The impact of stochastic liquidity on the optimal portfolio, first
formulated by Almgren (2012) in continuous time, remains both relevant and challenging. In
fact, we observe that the constant parameter λ in our current setup varies over the course
of the trading day, typically peaking at the market open and close. A more realistic future
extension would model λ as a time-varying process, potentially with joint dynamics alongside
other sources of stochasticity in the market.

2. Nonlinear Price Impact. In our analysis, we adopt a simple linear price impact model
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proportional to the trading rate. However, the literature contains more sophisticated models
involving general propagator functions to better reflect the intrinsic characteristics of market
impact. That said, enriching the model often comes at the cost of losing tractability in the
resulting optimal strategy, and striking a balance between realism and analytical feasibility
remains a key consideration.

3. Partial Information and Expert Opinions. In this paper, we assume that the predictable
return is fully observable and modeled as an Ornstein–Uhlenbeck process. However, in prac-
tice, signals are often observed with a high signal-to-noise ratio, making it important to assess
the impact of partial information on optimal trading behavior. The problem of optimal trad-
ing under partial observation and expert opinions has been analyzed in Fouque et al. (2017a)
and the references therein, as well as in the more recent work by Muhle-Karbe et al. (2023).

A Verification result

In this section we state a verification theorem for the infinite-horizon control problem and the asso-
ciated HJB equation (11). As we commented in Remark 2.1, there are some standard assumptions
on the model and admissibility of controls which allow for existence and uniqueness of a viscosity
solution to (11). These are as follows.

Assumption 1. We assume:

(i) The functions a, b, g, c, σ are continuous, globally Lipschitz, and have at most linear growth.
Moreover, there exist constants 0 < σ ≤ σ <∞ such that

σ ≤ σ(y, z) ≤ σ for all (y, z) ∈ R2.

(ii) For any admissible control u = (ut)t≥0 the controlled state process Ξt := (xt, lt, qt, Yt, Zt) is
well defined, non-explosive, and there exists p ≥ 2 such that

sup
t≥0

e−ρt E[1 + |xt|p + |lt|p + |qt|p + |Yt|p + |Zt|p] <∞.

(iii) The admissible controls are the progressively measurable processes u = (ut)t≥0 satisfying

E
[∫ ∞

0
e−ρt|ut|2 dt

]
<∞.

(iv) The value function is finite for all (x, l, q, y, z) ∈ R5.

Proposition A.1 (Verification). Suppose that v ∈ C2,1,1,2,2(R5) has at most polynomial growth
and solves the HJB equation (11) pointwise. Moreover, assume that for every (x, l, q, y, z) ∈ R5 the
supremum in (11) is attained at a control

u∗(q, l, x, y, z) =
1

K

(
vq(q, l, x, y, z) + λvl(q, l, x, y, z)− λq

)
, (33)

and that the feedback control u∗t := u∗(qt, lt, xt, Yt, Zt) is admissible. Then:
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1. For any admissible control ũ and any initial state (q, l, x, y, z),

v(q, l, x, y, z) ≥ J(q, l, x, y, z; ũ),

where J is defined in (8).

2. For the feedback control u∗· defined in (33) we have equality,

v(q, l, x, y, z) = J(q, l, x, y, z; (u∗t )t≥0),

so that u∗ is an optimal control and v coincides with the value function.

Proof. Consider a function C2,1,1,2,2(R5) that satisfies the assumptions stated in the proposition.
Let Ξt = (qt, lt, xt, Yt, Zt) be the controlled state process and fix an arbitrary initial condition
Ξ0 = (q, l, x, y, z).

Applying Itô’s formula to e−ρtv(Ξt) gives

d(e−ρtv(Ξt)) = −ρe−ρtv(Ξt) dt+ e−ρt dv(Ξt)

= e−ρt
(
Luv(Ξt)− ρv(Ξt)

)
+ dMt,

(34)

where

Luv := −βl vl+ 1
2η vxx−κx vx+

1
εL0v+

1√
ε
L1v+

√
δM1v+ δM2v+

√
ε
δ M3v+u vq +λu vl, (35)

and
dMt := qtσ(Yt, Zt) dBt +

√
η vx dW

(0)
t + vy

1√
ε
a(Yt) dW

(1)
t + vz

√
δg(Zt) dW

(2)
t . (36)

By Assumption 1 (i), (ii) and the polynomial growth of v and its derivatives, (Mt)t≥0 as defined in
equation (36), is a local martingale. By the HJB equation (11), for every state ξ and every u,

f(ξ, u) + Luv(ξ)− ρv(ξ) ≤ 0.

Thus for any admissible control (ut)t≥0,

f(Ξt, ut) + Lutv(Ξt)− ρv(Ξt) ≤ 0 for all t ≥ 0.

Combined with (34), this yields

d
(
e−ρtv(Ξt)

)
≤ −e−ρtf(Ξt, ut) dt+ dMt,

or equivalently,

d
(
e−ρtv(Ξt) +

∫ t

0
e−ρsf(Ξs, us) ds

)
≤ dMt.

Hence the process

At := e−ρtv(Ξt) +

∫ t

0
e−ρsf(Ξs, us) ds
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is a local supermartingale. Using the growth and integrability assumptions in Assumption 1, we get
uniform integrability over bounded stopping times, and thus At is a true supermartingale. Taking
expectations and using that E[Mt] = 0, we obtain

E
[
e−ρtv(Ξt) +

∫ t

0
e−ρsf(Ξs, us) ds

]
≤ v(x, l, q, y, z) for all t ≥ 0.

Letting t→ ∞, the discounting and growth condition imply E[e−ρtv(Ξt)] → 0, and therefore

E
[ ∫ ∞

0
e−ρsf(Ξs, us) ds

]
≤ v(x, l, q, y, z),

that is,
J(x, l, q, y, z; (ut)t≥0) ≤ v(x, l, q, y, z).

Since (ut)t≥0 was arbitrary, this proves the first part.

For the second part, consider the feedback control u∗t = u∗(Ξt) from (33). By construction, u∗(ξ)
attains the supremum in (11) for each ξ, hence

f(Ξt, u
∗
t ) + Lu∗

t v(Ξt)− ρv(Ξt) = 0 for all t ≥ 0.

Repeating the previous argument with ut = u∗t gives

v(x, l, q, y, z) = E
[ ∫ ∞

0
e−ρsf(Ξs, u

∗
s) ds

]
= J(x, l, q, y, z;u∗· ),

which completes the proof.

B Second Order Small Price Impact approximation

In this appendix, we provide the complete second-order for the small price impact approximation
introduced in Section 2. At order θ2, the second order correction terms for all the coefficients can
be explicitly computed. These results are presented below:

A(2)
qq =

Mqq

Nqq
, A

(2)
ll =

Mll

Nll
, A(2)

xx =
Mxx

Nxx
, A(2)

qx =
Mqx

Nqx
,

A
(2)
xl =

Mxl

Nxl
, A

(2)
ql =

Mql

Nql
, A

(2)
0 =

M0

N0
,

where we have that,

Mqq = −A(1)
qq

2
+ 2A(1)

qq λ− λ2 + 2A
(1)
ql A

(0)
qq λ,

Nqq = 2A(0)
qq +K ρ,

Mll = 2A
(1)
ql

2
A(0)

qq

2
+ 3A

(1)
ql

2
A(0)

qq K ρ+A
(1)
ql

2
K2 ρ2,

Nll = K ρ (2A(0)
qq +K ρ) (A(0)

qq +K ρ).

28



Mxx = 2A(0)
qq

2
A(1)

qx

2 − 4A(0)
qq A

(1)
qq A

(0)
qx A

(1)
qx + 4A(0)

qq A
(0)
qx A

(1)
qx λ

+ 4A
(1)
xl A

(0)
qq A

(0)
qx K λρ+ 4A

(1)
xl κA

(0)
qq A

(0)
qx K λ+ 3A(0)

qq A
(1)
qx

2
K ρ

+ 2κA(0)
qq A

(1)
qx

2
K + 2A(1)

qq

2
A(0)

qx

2 − 4A(1)
qq A

(0)
qx

2
λ− 2A(1)

qq A
(0)
qx A

(1)
qx K ρ

+ 2A
(1)
ql A

(0)
qx

2
K λρ+ 2A(0)

qx

2
λ2 + 2A(0)

qx A
(1)
qx K λρ+ 2A

(1)
xl A

(0)
qx K

2 λ ρ2

+ 2A
(1)
xl κA

(0)
qx K

2 λ ρ+A(1)
qx

2
K2 ρ2 + κA(1)

qx

2
K2 ρ,

Nxx = K (2A(0)
qq +K ρ) (2κ+ ρ) (A(0)

qq +K κ+K ρ),

Mqx = A(1)
qq

2
A(0)

qx +A(0)
qx λ

2 − 2A(0)
qq A

(1)
qq A

(1)
qx + 2A(0)

qq A
(1)
qx λ

− 2A(1)
qq A

(0)
qx λ− 2A(0)

qq

2
A

(1)
xl λ−A(1)

qq A
(1)
qx K ρ

+A(1)
qx K λρ+A

(1)
ql A

(0)
qx K λρ−A(0)

qq A
(1)
xl K λρ,

Nqx = (2A(0)
qq +K ρ) (A(0)

qq +K κ+K ρ),

Mql = 2A
(1)
ql A

(0)
qq A

(1)
qq − 2A

(1)
ql A

(0)
qq λ+A

(1)
ql K

2 β ρ+ 2A
(1)
ql A

(0)
qq K β

+A
(1)
ql A

(1)
qq K ρ−A

(1)
ql K λρ,

Nql = (2A(0)
qq +K ρ) (A(0)

qq +K ρ),

M0 = η
(
2A(0)

qq

2
A(1)

qx

2 − 4A(0)
qq A

(1)
qq A

(0)
qx A

(1)
qx + 4A(0)

qq A
(0)
qx A

(1)
qx λ

+ 4A
(1)
xl A

(0)
qq A

(0)
qx K λρ+ 4A

(1)
xl κA

(0)
qq A

(0)
qx K λ+ 3A(0)

qq A
(1)
qx

2
K ρ

)
,

N0 = 2K ρ (2A(0)
qq +K ρ) (2κ+ ρ) (A(0)

qq +K κ+K ρ).

C Coefficient’s Derivatives Approximation

To compute the correction terms in the slow scale stochastic volatility model, we first compute the
derivatives of the coefficients.

We consider the initial system consisting of equations (15)–(21). In the slow scale volatility case,
the coefficients depend on z, since the volatility σ2 is a function of z. Taking the derivative of all
those equations with respect to z, we obtain the following system:

ρ
2
A′

qq(z)− 1
2
γσ(z)σ′(z)− 1

K
(λ−Aqq(z) + λAql(z))(−A′

qq(z) + λA′
ql(z)) = 0,

1
K

(
(Aql(z) + λAll(z))(−A′

qq(z) + λA′
ql(z)) + (A′

ql(z) + λA′
ll(z))(λ−Aqq(z) + λAql(z))

)
− (β + ρ)A′

ql(z) = 0,

1
K

(
(Aqx(z) + λAxl(z))(−A′

qq(z) + λA′
ql(z)) + (A′

qx(z) + λA′
xl(z))(λ−Aqq(z) + λAql(z))

)
− (ρ+ κ)A′

qx(z) = 0,

1
K
(Aql(z) + λAll(z))(A

′
ql(z) + λA′

ll(z))−
( ρ
2
+ β

)
A′

ll(z) = 0,

1
K

(
(Aql(z) + λAll(z))(A

′
qx(z) + λA′

xl(z)) + (A′
ql(z) + λA′

ll(z))(Aqx(z) + λAxl(z))
)
− (ρ+ β + κ)A′

xl(z) = 0,

1
K
(Aqx(z) + λAxl(z))(A

′
qx(z) + λA′

xl(z))−
( ρ
2
+ κ

)
A′

xx(z) = 0,

η
2
A′

xx(z)− ρA′
0(z) = 0.
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Should the values of the coefficients are known, the system above is linear in the derivatives of
the coefficients. By using the previous approximation of the coefficients from the price impact
asymptotic expansion and solving this linear system, we obtain an approximation of the derivatives
to order O(θ2), as computed in the specific example in Section 6.

The system above can be rewritten in the following matrix form:

M(z) · ā(z) = b(z),

where the matrix M(z) is given below (with all coefficients A depending on z):



1
K

(λ − Aqq + λAql)

+ ρ
2

− λ
K

(λ − Aqq + λAql) 0 0 0 0 0

− 1
K

(Aql + λAll)
1
K

(λ − Aqq + λAql)
−(β + ρ)

0 λ
K

(Aql + λAll) 0 0 0

1
K

(Aqx + λAxl)
λ
K

(Aqx + λAxl)
(ρ + κ)

− 1
K

(λ − Aqq + λAql)
0 − λ

K
(Aqx + λAxl) 0 0

0 1
K

(Aql + λAll) 0
λ
K

(Aql + λAll)

−( ρ
2

+ β)
0 0 0

0 1
K

(Aqx + λAxl)
1
K

(Aql + λAll)
λ
K

(Aqx + λAxl)
λ
K

(Aql + λAll)
−(ρ + β + κ)

0 0

0 0 1
K

(Aqx + λAxl) 0 λ
K

(Aqx + λAxl) −
(

ρ
2

+ κ
)

0

0 0 0 0 0 η
2

−ρ



,

ā(z) =



A′
qq(z)

A′
ql(z)

A′
qx(z)

A′
ll(z)

A′
xl(z)

A′
xx(z)

A′
0(z)


and b(z) =



1
2
γσ(z)σ′(z)

0
0
0
0
0
0


.

D Second Order Asymptotic for Slow Factor

To solve the PDE (24) derived in Section 4, we introduced the following asymptotic expansion:

vδ(q, l, x, z) = v(0)(q, l, x, z) +
√
δ v(1)(q, l, x, z) + δ v(2)(q, l, x, z) + · · · .

We calculated the first-order correction term, which is of order
√
δ. We now proceed to compute

the second-order correction term, which is of order δ. Specifically, by substituting the expansion
into the PDE and collecting terms of order δ, we obtain the following PDE:

M2v
(0)+

η

2
v(2)xx−ρv(2)+

(v
(1)
q + λv

(1)
l )2

2K
+
(v(2)q + λv

(2)
l )(v

(0)
q + λq + λv

(0)
l )

K
−βlv(2)l −κxv(2)x +M1v

(1) = 0.

We have already computed the functions v0 and v1 in terms of the coefficients Aqq(z), Axx(z),
All(z), Aqx(z), Axl(z), Aql(z), A0(z), Bx(z), Bq(z), and Bl(z).

This PDE can again be solved using a linear-quadratic ansatz:

v(2)(q, l, x, z) =
1

2
Dqq(z)q

2 +
1

2
Dxx(z)x

2 +
1

2
Dll(z)l

2 +Dqx(z)qx+Dql(z)ql +Dxl(z)xl +D0(z),
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Substituting this form into the PDE, we match and set to zero the coefficients of the terms q2, x2,
l2, qx, ql, xl, and the constant term. Solving the resulting system allows us to determine all the
coefficients: Dqq(z), Dxx(z), Dll(z), Dqx(z), Dql(z), Dxl(z), and D0(z).

The system to solve is given below. Note that it is linear in the coefficients D:

0 =
ρ

2
Dqq(z)−M2Aqq(z)−

(Dqq(z)− λDql(z))(λ−Aqq(z) + λAql(z))

K
,

0 = 2M2Aql(z)− (ρ+ β)Dql(z) +
(λDql(z) + λ2Dll(z))(λ−Aqq(z) + λAql(z))

K

−
(λAll(z) +Aql(z))(Dqq(z)− λDql(z))

K
,

0 = 2M2Aqx(z)− (κ+ ρ)Dqx(z) +
(λDqx(z) + λDxl(z))(λ−Aqq(z) + λAql(z))

K

−
(λAxl(z) +Aqx(z))(Dqq(z)− λDql(z))

K
,

0 = M2All(z)−
(ρ
2
+ β

)
Dll(z) +

(λAll(z) +Aql(z))(λDll(z) +Dql(z))

K
,

0 = 2M2Axl(z)− (κ+ ρ+ β)Dxl(z) +
(λAll(z) +Aql(z))(λDxl(z) +Dqx(z))

K

+
(λAxl(z) +Aqx(z))(λDll(z) +Dql(z))

K
,

0 = M2Axx(z)− (κ+
ρ

2
)Dxx(z) +

(λAxl(z) +Aqx(z))(λDxl(z) +Dqx(z))

K
,

0 = 2M2A0(z) +
η

2
Dxx(z)− ρD0(z) +

(Bq + λBl)
2

2K
+
√
ηg(z)ρ2B

′
x(z).
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