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MASTER EQUATION FOR COURNOT MEAN FIELD GAMES OF CONTROL
WITH ABSORPTION

P. JAMESON GRABER AND RONNIE SIRCAR

ABSTRACT. We establish the existence and uniqueness of a solution to the master equation for a
mean field game of controls with absorption. The mean field game arises as a continuum limit of
a dynamic game of exhaustible resources modeling Cournot competition between producers. The
proof relies on an analysis of a forward-backward system of nonlocal Hamilton-Jacobi/Fokker-Planck
equations with Dirichlet boundary conditions. In particular, we establish new a priori estimates to
prove that solutions are differentiable with respect to the initial measure.
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1. INTRODUCTION

In [26], the authors introduced a dynamic game of exhaustible resource production modeling Cournot
competition between producers of a good in finite supply, for instance oil, whose Markov perfect
(Nash) equilibrium was characterized there by a system of coupled nonlinear PDEs. This built
on the influential continuous-time study of the monopoly (single-player) version of the problem by
Hotelling from 1931 [27]. By Cournot competition, we mean that the decision or control variable of
the players is their quantity (or rate) of production, the market price or prices of the goods being
determined by a decreasing function of the aggregate (or average) production.
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When the goods each player produces are homogeneous, there is a single price p of the good which
depends, in the Cournot framework, on the average % E;V qj, where g; > 0 is player j’s quantity,
and there are N < oo players. When the goods are substitutable, for instance oil of different grades
from different suppliers, or consumer goods such as televisions, a typical model has that the price
p; that producer i receives for its good depends in a decreasing manner on ¢; + x5 > i - That
is, its price is influenced by the average of the other players’ quantities (thereby viewing them as
exchangeable), where ¢ > 0 measures the degree of interaction. A dynamic exhaustible resources
problem in this case is analyzed in [31].

Mean field games, in which there is a continuum of players, have been much-studied in the past 15
years. We refer, for instance, to [I] and [§], for surveys from PDE and probabilistic perspectives
respectively. In the context of the Cournot model, the homogeneous goods case leads to a continuum
approximation model whose optimal strategies are of (unrealistic) bang-bang type: the players either
produce nothing or as quickly as possible. The substitutable goods case has a more reasonable mean
field game model, as studied in [10] and [11I]. As mean field games of control, and because the state
variable is absorbed at zero (exhaustion of the resource), they differ from the vast majority of
problems studied in the literature where interaction is through the mean of the state variable,
which lives on the full space. Rigorous existence results are thus more recent and under various
restrictions, for instance [19] 22 23] 20]. We refer the reader to [7, [I'7) 18, 28] for benchmark results

on mean field games of controls.

There has been much recent interest in describing mean field games through a Master Equation
[4, 21 @]. The study of such equations now has a large body of literature, going back to such works
as [I5, [12]. Again the existing results in the literature concern mean field interaction through the
state. See the recent results found in [I3] [14] 32] 33]. As for boundary conditions, most references
contain results only for master equations on the whole space or with periodic boundary conditions.
See, however, the recent work by Ricciardi for Neumann boundary conditions [35]. Here we introduce
and analyze the Master Equation of Cournot mean field games of control with absorption. Our main
result is the existence and uniqueness of a classical solution.

Once one has a unique classical solution to the master equation, a natural application is to the
convergence problem for N-player games corresponding to a mean field game. Using the arguments
of [4, Chapter 6], one can hope to obtain estimates that prove the closed-loop Nash equilibrium
strategies for N-player games converge to the mean field equilibrium strategy. In our case, the
infinite time horizon, the dependence of the dynamics on the distribution of controls, and especially
the absorbing boundary conditions add technical obstacles to a straightforward application of the
arguments found in [4]. We leave this application to future research.

In the rest of this section, we introduce the main notation needed and give our main results. In
Section [Tl we give the precise description of the Cournot model as a mean field game and write
the corresponding master equation. In Section [[L3] we define a metric on the space of measures
and introduce a notion of derivative for functions defined on this space. In Section [[L4] we give
the definition of a solution to the master equation and present Theorem [[LB] which gives precise
conditions under which a unique solution exists. Finally, in Section we present the outline of
the rest of the paper, which is devoted to the proof of Theorem

1.1. Description of the model. Let P : [0,00) — R be a given price function, satisfying the
following:

Assumption 1.1. P is continuous on [0,00) with P(0) > 0. For some n >4, P isn times contin-
wously differentiable on (0,00), P™) s locally Lipschitz, and P' < 0. In addition, lim SUP,_y0+ P'(q)
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is strictly less than zero (it could be —c0), and there exists a finite saturation point n > 0 such that
P(n) =0.

The profit function  : [0, oo)4 — R for an individual producer is given by

q(P(eQ+q)—a) ifg>0,

Here ¢ is the rate of production chosen by the producer, () is the market’s aggregate rate of pro-
duction, a is the marginal cost of production, and € > 0 is a fixed parameter that determines the
substitutability of goods.

It will be convenient to define the relative prudence

p(Q) = —%

Notice that by Assumption [Tl p is continuously differentiable on (0, c0). If, for example, we take
P'(q) = —q 7 for some fixed p € R (cf. [26]), then p(Q) = p (constant relative prudence).

Assumption 1.2 (Relative prudence). We assume

2+ €
p:= sup p(Q)<
QE(0,) L+4e

< 2.

Assumptions [Tl and guarantee a Hamiltonian of the following continuous time game is well-
defined.

In the finite N-player differential game introduced in [26], each player i has remaining stock (or
reserves) x;(t) at time ¢ > 0 and we denote by ¢;(t) > 0 their chosen rate of production, so z;(t)
satisfies the stochastic differential equation

dz(t) = (=Gi(t) dt + o dWi(t)) Ir,, )50}

where each W;(t) is an independent standard Brownian motion representing, for instance, uncer-
tainty in the extraction process. The producers start with initial (¢ = 0) reserves x € Ri\_f and each
maximizes expected discounted lifetime profit. The value function w; : Rf — R of player ¢ is given

by
(11) ui(x) = supE / et (6 (1), Q-ilt),0) dt,
qi 0

where 7; is the first time z; hits (and is absorbed at) zero, 7 > 0 is the common discount rate on
future profits, Q_;(¢) is the mean production rate of the other producers:

Q_i(t) = ﬁ Z%(t),

and we assume for simplicity that marginal costs of production are zero.
The Hamilton-Jacobi-Bellman equation corresponding to each player’s optimal control problem in
([T is as follows. Define

H
H(e,Q,a) :==supm(e,q,Q,a) from which it follows argmax,.,7(e, ¢, Q,a) = 0 (6,Q,a).

q>0 8@
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In a Markov perfect (Nash) equilibrium of the N-player differential game the associated system of
Hamilton-Jacobi-Bellman (HJB) partial differential equations (PDEs) for the value functions is

= 811,2 OH =% au]' 811,2 O’2 N 8211,2' .
(12) H <€7Q—i(x) —Z> + — % <€7Q—j(x)7 8—33]> 8$J —ru; + 7 ; 8!172 - 07

coupled with

¥ (x) = - SN e (), 9%
LX) = "1 2 %, (6’ —j(x)’a;g)'
J#i J

See |26, Equation (3.4)]; here we have additional diffusion terms due to the Brownian noise in the
dynamics.

The mean field game (MFG) version of this problem, corresponding to a continuum of players
with density of initial reserves m was introduced in [I0] and further studied in [I1], where it is
characterized by two PDEs and a fixed point condition (which are given here in Section [[H]). An
explicit solution of the deterministic MFG (o = 0) when the price function P is linear is given in

[24].

We next introduce the master equation formulation of this MFG.

1.2. Master Equation Heuristics. Let m be a measure representing the initial distribution of
stock over all producers. Let U(xz,m) be the maximum discounted lifetime profit for an individual
producer that starts with a stock of x. If we assume that U is smooth with respect to both variables
(see Definition below for derivatives in the space of measures), then U will satisfy

) i (e 5o ma)+ [ 5T (@ mn) o S,y dmly) - U (m. )

a? [ 0?U 0% sU
Y W(m,xﬂ‘ DW%(m’x’y)dm(y) =0,
where Q* is defined as the unique fixed solution of the equation

0H ou
14 = — L — d .
(14 @ = [ S (" 5 tma)) amy)
Equation (L3) is called the master equation.

Formally, the master equation can be derived from the system of Hamilton-Jacobi-Bellman (HJB)
equations (2] for the N-player game. Letting N — oo, we formally interpret each sum as an
integral with respect to the population distribution. See [4] 0] for a detailed interpretation of the
master equation.

1.3. Metric and derivative on a space of measures. Before we can state our main result, we
will need to define a notion of derivative with respect to a measure. Let M = M (D) be the space
of all finite signed Radon measures p on D. We denote by M the subset of M consisting only
of positive measures. The topology on M is that of narrow convergence. We say that a sequence
{pn} in M converges narrowly if for every bounded continuous function ¢ on D, we have

mewwwﬁéamw@»

We now introduce the derivative on M (D).



Definition 1.3 (Differentiability with respect to measures). Let .# be any dense subset of M.
Given a function F : 4 — R, we say that F' is continuously differentiable if there exists a continuous
function f : M x D — R, satisfying

|f(m,z)| < C(m) Vx € D
for some constant C(m), such that

(15) I F (m+t(m —m)) —
t—0+ t

Fim) _ / Flm, ) d(—m)(@) Ym, i A.
D
5F

The function f(m,x) is unique, and we denote it f(m,z) = %(m,:n).

Definition is essentially the classical Gateaux derivative, though we only take m,m from the
convex subset .# of the vector space M. Uniqueness follows from the fact that the measure m —m
in (LE) can be taken to be an essentially arbitrary positive measure (by density of .#Z in M, );
contrast with the situation in which m,m must be probability measures (cf. [4]).

1.4. Statement of the main result. To state our main result, we will first define a set of measures
on which the master equation (I3) is supposed to hold. Fix o € (0,1) and let M2+ denote the
set of all positive measures m on D = (0, 00) satisfying the condition

/ 2727 dm(z) < oo.
D

Definition 1.4. We say that a function U : D x M**® = R is a (classical) solution of the master
equation (L3)-(L4) with absorbing boundary conditions provided it satisfies the following:

(1) U(0,m) =0 for every m € M>*¢;
(2) U and S are twice continuously differentiable with respect to x;
m

(3) for every m € M>*T and x > 0, Equation ([L3)) is satisfied.

The Dirichlet boundary condition U(0, m) = 0 is an absorbing type boundary condition, represent-
ing the fact that players exit the game as they run out of resources (cf. [I0, 25]). Theorem is
the first result, as far as we know, on the Master Equation with boundary conditions of this type.

Our main result in this paper is as follows.

Theorem 1.5. Under Assumptions L1l and[L3, the following assertions hold.

(1) There exist constants r* > 0 (large) and € > 0 (small) such that whenever r > r* and
0 < e < €%, the master equation (L3)) has a solution, which is unique under the condition

60 (cf. Section [57).

(2) If P is linear, and in particular if (without loss of generality) P(q) = 1—q, then there exists
a constant r* such that for every r > r* and e < 2, the master equation (L3)) has a solution,
which is unique under the condition [61) (cf. Section[Z3).

Remark 1.6. The precise conditions on r* and €* in Theorem are contained in Assumptions
and [Z.27.  Although these two conditions are essentially in dichotomy, nevertheless in this
paper we make an attempt to utilize as much as possible a unified method of proof for both cases.
See Remark [{.17 for more details.
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1.5. Structure of the proof. In a generalized sense, we use the method of characteristics to solve
the master equation (L3)-(L4). Consider the HIB/Fokker-Planck system

, ou  o* d*u e Ou
(7) E—F?W—FHG,Q@),@—%)—TU—O,

. Om >3m0 (O0H v Ou
(&) W‘?WJra_x(a_a(E’Q(t)’a_x)m)_o’

i) @w=- [ 55 (cQ .52 ) am),

(ZU) m’xzo = u’:c:O =0, m‘t:o =1mgy <€ M+(D)

(1.6)

\

where D := (0,00). We can think of System (0] as the characteristics of Equation (I3]). Indeed,
suppose U is a smooth solution to (I3]) and (u,m) is a smooth solution to (LG). Then formally the
two are related by the equation w(z,t) = U(z,m(t)), and in particular U(z,mg) = u(z,0). In the
proof of our main result, our strategy will be to define a function U in this way, then prove that it
satisfies (L3]). To do this, we follow these steps:

(1) Prove that (LG) has a unique solution (u,m) for any mg € M. Define U(x,mg) = u(z,0).
(2) Prove that U is differentiable with respect to the measure variable mq:

(a) Formally differentiate (IL6) with respect to the measure variable to obtain a linearized
system.

(b) Prove that the linearized system has a unique solution.

(c) Prove that the unique solution thus obtained is indeed the derivative of U with respect
to the measure.

(3) Use the smoothness of U to establish that System (L3)-(L4) is satisfied.

The remainder of this paper is structured as follows. In Section 2] we establish notation and define
function spaces as needed. In Section B we study the Fokker-Planck equation with absorbing bound-
ary conditions and establish some results that allow us to prove existence of solutions to System
(CH); they may also have independent interest. In Section [d] we present existence, uniqueness, and
regularity results on System ([LL6]). Section [lis the core this paper, in which we derive all of the a
priori estimates on linearized systems that will allow us to prove differentiability of the master field
U(xz,m). Here the reader will find some parallels with a recent work by Graber and Laurel that also
deals with linearized systems in order to analyze sensitivity of solutions to the parameter e [21]. In
the present work, the analysis is considerably more sophisticated because we are taking derivatives
with respect to a measure and not a scalar parameter; this requires estimates on a linearized system
in appropriate norms, in particular dual spaces that introduce a great deal of technicalities. The
main result is proved in Section [B, essentially as a corollary of Section Bl Proofs of some technical
results are left in the appendix.

2. PRELIMINARIES

2.1. Function spaces. Let D = (0,00). For n € N, we denote by C" = C"(D) the space of all n
times continuously differentiable functions on D such that the norm

”f”cn(f) = Z sup

k=0 €D
7
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is finite; C"(D) is a Banach space endowed with this norm. In particular, C%(D) is simply the space
of all continuous functions, endowed with the supremum norm. We denote by CI = C[*(D) the space
of all n times continuously differentiable functions which have compact support contained in D; this
is a subspace of C"(D), and C}(D) denotes its closure. We also denote C°(D) = N ,C*(D).

For any « € (0,1), define the Holder seminorm

1@ - f)]

[f]oz = sup ‘LE _y‘a

,y€D,xy
Define C"+® = C""(D) to be the space of all n times continuously differentiable functions f whose
nth derivative is Holder continuous, such that the norm
d*f
flensoqey =1 lenoy + | b |

is finite. In particular, when n = 0 the space C%(D) is simply the space of all a-Hélder continuous
functions with standard norm. We define C¢ = C2(D) to be the space of all f € C*(D) such that

1(0) = 0.
When a = 1, the quantity [f], defined above is referred to as the Lipschitz constant of f, denoted

Lip(f) instead of [f];. We define Lip(D) to be the space of all Lipschitz continuous functions on D,
with norm

1 Lip@) =l fllco + Lip(f),

and the subspace Lip, (D) the set of all f € Lip(D) such that f(0) = 0.

We now define Hélder spaces of functions on space-time. Let I = [0,7] or I = [0,00). For any
number 3 > 0 we define the space C*°(D x I) to be the set of all functions u : D x I — R such
that the following norm is finite:

lulleso =llullesomsr) = suplut-t)|cs ) -
For any « € (0,1) define
PN 20 B 80|
a,af/2 .
2yeD b selatyizs|w —y|* +]t — s/

We denote by C**/2(D x I) the subspace of C%?(D x I) such that the norm

Hu”ca,a/z(ﬁxj) = ”UHco,O(ij) + [Ula,a2
is finite. The space C*!(D x I) consists of functions such that
oz 2

|5
CY0(DxI) ot

a_] o2
Ox? w2 ot a2

is finite. Cf. [29, Section 1.1|. Note that there exist constants C, such that

Ox? w2 ot a2

wmwmnawmmm+'

CO0(Dx1) CO0(DxI)

is finite, and the subspace C**®1+%/2(D x I) such that

Hu”c’2+a’1+a/2(5><1) = HUHcm@xl) +

[ullgz+arvar @y < Ca | llulleoomyry +
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We define the Lebesgue spaces L” in the usual way, and we write the norms || f||, = [/ f||» inter-
changeably.

2.2. Norms on the space of measures. We define the total variation norm |||/, = || (D),
which can also be expressed as

iy = sup{ [ o) duta) -0 € D) Il < 1.

Under this norm, M becomes a Banach space. On the other hand, it is not necessary to converge
in this norm in order to converge narrowly. For this it suffices to consider M as a subspace of the
dual of Cg, with norm

lillesy = sup{ [ o) duta) -6 € C5D), ol <1}
We may also replace C¢ with Lip,.

Lemma 2.1. Let {un} be a sequence in M. If |[pn||py is bounded, if [|pn — pll(cgy- — 0, and if
tn(D) — u(D), then p, converges narrowly to .

Proof. Let ¢ be a bounded, continuous function on D, and let € > 0. Choose ¥ € Cg such that
o — ¢(0) — 1/1HC0 < e. Then

=) < Qnnlgy + ki) +1000) (D) = P +| [ 0t = )]

Using the fact that ||, || is bounded, we let n — oo and then € — 0 to conclude. O

2.3. Remark on constants. Throughout this manuscript, C' will denote a generic positive con-
stant, whose precise value may change from line to line. When C depends on the data from the
problem, will attempt to specify all the parameters on which C' depends. In particular, we may
write C(aq,...,a,) to denote a positive number which depends on given parameters ay,...,a,.
When no parameters are specified, this means C' depends only on the number of steps in the proof
(and is generally an increasing function thereof).

3. FOKKER-PLANCK EQUATION WITH ABSORBING BOUNDARY CONDITIONS

Recall D := (0,00). In this section we study weak solutions to a Fokker-Planck equation with
Dirichlet boundary conditions:

(3.1) ot 2 922 oz

for a given velocity function b = b(x,t). We want an interpretation of (BI)) that makes sense for
any mg € M(D). Thus we say that m € C° ([0, T]; M(D)) is a weak solution of BI]) provided that,
for all ¢ € C°(D x [0,T)), we have

o2 92
(3.2) / / <— T 7 % +b a(b) m(dx,t)dt = /D<;5(x,0)m0(da;).

Our main existence/uniqueness result is contained in the following lemma. Its proof is fairly standard
and is found in Appendix [Al
9



Lemma 3.1. Let b be a bounded continuous function on D x [0,T], and let my € My (D). Then
there exists a unique weak solution m of B.1). It satisfies

(3.3) Hm(t)HTV <|lmollpy Vt=>0.
It is also Hélder continuous with respect to the C§(D)* and Lip,(D)* metrics, and in particular
[m(®) oy < lImollzy </D z%mo(dzx) + 2 ([b]|%, + o) max {to‘,to‘/2}>

[m(t1) = m(t2) || og (py- < 2lmollzy (1BlI% + o) ltr — ta|*? Vi1, to > 0 st [t — ta] < 1,

(3.4)

where for a = 1 we replace CL(D)* with Lip,(D)*. Its total mass function n(t) is continuous and
decreasing on [0,T].

Lemma [B.I] has the following straightforward corollary, whose proof we omit.

Corollary 3.2. Let b be a bounded continuous function on D x [0,T], let mg € M1(D), and let
mar and my, denote the positive and negative parts, respectively, of mg. Then there exists a unique
weak solution m of B1)), whose positive part m™ is precisely the solution of Bl with mo replaced

by mar, and whose negative part m~ is the solution of B.I) with mg replaced by my . The estimates
BA) still hold, with mg replaced by |my|.

3.1. The mass function. Let m be a weak solution to [BIl). We define the total mass function
n:[0,7] = R by

n(t) ::/Dm(da:,t).

Notice that 7 is in general not constant. Since the equations in System (L6 depend on 7, we are
motivated to study the regularity of  as a function of time, and in particular we would like to know
when it is Holder continuous in order to establish the existence of classical solutions to the system.
Note that it is insufficient to know how regular it is only for ¢t away from zero, because the behavior
of the population mass as t — 0 influences the regularity of solutions to the backward-in-time
Hamilton-Jacobi equation.

As a first step, we analyze the case where b = 0, so that (8] reduces to the heat equation with
absorbing boundary conditions. Our goal is to determine whether the heat semigroup itself produces
a Holder continuous flow of total population mass. Recall that the heat kernel is given by

2
(3.5) S(a,t) = (2027t)" Y2 exp {—%}
and that the solution of the heat equation with absorbing boundary condition at x = 0

om o2 9*m

(3.6) TR mli—o = Mg, M|g=0 =0

is given by

(3.7) miz,t) = [ (S(o=9.6) = S +1.1)) moldy).
D

For a measure my € M(D) the corresponding mass function generated by the heat equation is

(3.8) Pmal(®):= [ [ (St =9.0) = S +3.0) mo(dy) do.
10



By Fubini’s theorem, one can reverse the order of integration in (3:8) and then write n"[m](t)
explicitly in terms of the cdf of m:

hmol(t) = \/23'—2# 000 exp {—%} mg ((tl/Q:E,oo)) dz.

To the question, “Is 1/ [mo](-) Hélder continuous on [0, 7] for every measure mg € M(D)?" the
answer is a straightforward “no," as the following example shows.

Ui

Example 3.3. Define m as a density
m(x) =
Note that m is a probability density on D with cdf
r 1
= /0 m(s)ds = —EH(076—1)(x) + H[e,lm)(az).

Assume that n"[m](-) is a-Hélder continuous on [0,T] for some o € (0,1). Then there exists a
constant C' such that

1—n"m](s) = \/_/ F(y/sz)e™ 202 de < Cs% Vs >0,

1
7)2]1(0,671) (iU)

z(lnzx

2027

and so, by Fatou’s Lemma,

2 /OO _ _z?
—_— liminf s *F(v/sz) 202 do < C.
V2oin Jo  s—0t (Vae) n

But for any x > 0, we have

51—1>I(I)1+ s (Vse) = sl—l>%1+ s ln(\/_x) - e

This is a contradiction.

For 0 < a < 1 we define .#, (D) to be the space of all m € M(D) on D such that " [m] € C ([0, 00)),
with norm

Il g, =01 gy I

CO‘([O,OO

It is straightforward to see that .#, is a Banach space. The heat equation (B.6]) generates a
semigroup of contractions on .#,. Indeed, let m(t) denote the (measure-valued) solution at time
t. First we deduce ||m/(2)|| v <llmollgy by integrating (3.7). Moreover, by the semigroup property

(i.e. by uniqueness of solutions to the heat equation) we have n"[m(t)](s) = n"[mg](t + s), so that

anh[mo]H vt > 0.

= o fmol(e + ) ¢o(10.0))

| ) (o)

Ca([(],oo))
Example B.3] shows that measures which have a steep concentration of mass near 0 will fail to be
in .#,. We now show prove that the converse is true, i.e. an estimate on the concentration of mass
near zero will guarantee inclusion in .#,. For any a > 0, denote by M the set of all m € M
satisfying

(3.9) /Dyg;\—a dlml (z) < oo
11



For instance, M contains all finite measures with support in [z,00) for some z > 0. In particular,
M is dense in M. If we endow M with the norm

Il =lmllry -+ [ ol dlonl (@) = [ (1442l dm (@),

then it is straightforward to see that M® is a Banach space. We will also denote M% = M N M,
i.e. the set of all positive measures such that (39) holds.

Proposition 3.4. Let a € (0,2). Then M® C M), and there exists a constant C(a) such that
Imll.a,,, < C@)mlya  Vm e M.

In particular, My is dense in M.

Proof. We can write

Pnl(0) = [ £ Omolc).
where
fly,t) = /OO (S(z —y,t) — S(z +y,t)) da.
0

We observe that
af B 798 S

0%S %S
:_/ <8x2 _yv) 82($+y7 )>d

o8 2
— _g222 (y,t) = Yy e 25%,

Ox V252 743/2

Let p > 1, y > 1. By a change of variables s = y?/t, we deduce

([ aras)” =cow . v =pip-1,

Therefore
[F(,t0) = f (. 12)] < ClOY ™7 |01 — tof 17
We choose p = 2/(2 — «), or equivalently p’ = 2/a. Then we have
0" [m](tr) — ﬁh[m](h)‘ < /0 |[f(y.t1) = f(y. t2)| m(y) dy < Ca)lts — t2!a/2/0 y “m(y)dy.

The claim follows. O

Recall that the heat semigroup is a semigroup of contractions on .#,. It turns out that the heat
semigroup is also bounded on M® for arbitrary a > 0, as the following lemma implies.

Lemma 3.5. Let mg be a positive measure satisfying B9) for some a > 0. There exists a constant
C(«) such that if m is the solution of the heat equation [B.0)), then

(3.10) /\xy m(da,t) < Cla /\xy  mo(dz).

12



The proof of Lemma B35 which is found in Appendix [Al relies on the following result, which will
be useful for other estimates on parabolic equations.

Lemma 3.6. Let S(xz,t) be the heat kernel, defined in (3H). For alln =0,1,2,..., there exists a
(Hermite) polynomial P, of degree n such that

(3.11) 95 )= <02t)_n/2 Pn< 2] >S(:1:,t).

ox™ A /O-2t
As a corollary, for alln=0,1,2,..., and k =1,2,3,... the constants
a"s k/2| ™S
my, := sup|z|** z,t)|,  my g = suplz[*TIF < 2t> — (x,t
n Z‘,P‘ ’ 8$n ( ) n,k Z‘,P‘ ’ o 8$n ( )

are finite and depend only on n and k.

Proof. The proof of (B.I1]) is elementary using induction. The second claim follows from the fact
that sup,~qz®e™" is finite for any a > 0. U

We conclude this section by generalizing our results to the Fokker-Planck equation for an arbitrary
bounded continuous drift term b(z,t). The proofs are found in Appendix [Al

Lemma 3.7. Let b be a bounded continuous function on D x [0,T], let mg € M (D) N .My (D), and
let m be the unique weak solution m of B, given by Lemma 31l Then the total mass function
= [pm(dx,t) is B-Holder continuous for f = min{o, 1/2}, with

<3.12> Inllcagoy < C(@) (Imollg, +1blus)

Lemma 3.8. Let b be a bounded continuous function on D x [0,T], let mg € MS(D) for some
a > 0, and let m be the unique weak solution m of BI), given by Lemma [31. Then there exists
some constants C'(«) and C(a, o) such that

(3.13) /|x| m(da, ) < C(a)eC @bl t/|x|  mo(dz).

4. FORWARD-BACKWARD SYSTEM

In this section we prove existence and uniqueness of solutions to infinite time horizon forward-
backward system (I6). Many of the ideas in this section can already be found in [20]. Our result
is novel in that (i) the time horizon is infinite and (ii) the initial measure mg need not be smooth
nor even a density. The proof is based on a priori estimates followed by an application of the
Leray-Schauder fixed point theorem (see e.g. [16, Theorem 11.3]). Most of the proofs in this section
involve either standard computations or ideas that can be found in the previous works [20} 23] [19],
and so we relegate them to Appendix [Bl However, in the sequel we will make frequent reference to
the estimates found in this section.

4.1. The Hamiltonian. In this subsection we deduce a number of structural features of the Hamil-
tonian, using only Assumptions [[.1] and The proofs can be found in Appendix [B.1l

Lemma 4.1. [Unique optimal quantity] The function ¢* : [0,00)3 — [0,00) given by ¢*(¢,Q,a) =
argmax .~ 7(¢, ¢, Q, a) is well-defined and locally Lipschitz continuous. It is non-increasing in the
variable a. With respect to € and @Q, it satisfies

(4.1) —e<



Define H(e,Q,a) =7 (6, 7*(Q,a),Q, a) > 0. Then H is locally Lipschitz, decreasing in all variables,

and convex in a; its derwative — = —q* is also locally Lipschitz.

da

Corollary 4.2 (Smoothness and uniform convexity). Let € > 0,Q > 0, and @ > 0 be constants such
that a < P(Q). Consider the restriction of H = H(e,Q,a) to the domain [0,€] x [0,Q] x [0,a].
Then H is n times continuously differentiable with Lipschitz continuous derivatives, where n is the
same as in Assumption [ 1. It is also uniformly convexr in the a variable, and in particular there
exists a constant Cy = C(€,Q,a,a) > 1 such that

M Qua)<Cy Y(eQ.a)e 0.4 x[0,0] x [a.a].

_1<
(4.2) Cr' < 52

Corollary 4.3 (Q dependence). We have the following estimates in the region where P(eQ) > a:

,1} =: Pe.

Lemma 4.4 (Unique aggregate quantity). Let e > 0,¢ € L°(D) and m € M4(D) with [, dm(z) <
1 and ¢ > 0 (a.e.). Then there exists a unique Q* = Q*(e,d,m) > 0 such that

0*H
0Q0a

p—1

p—2

(4.3) '8H

% < e(P(0) — a), ' Semax{

0H
(4.4) @ = [ ¢ o) dme) = - [ TE(Q"0w) dm(a).
Moreover, Q* satisfies the a priori estimate
9_ 5
(15 @ < g 0.0.0) elp.0) = max { 2L

Finally, Q* is locally Lipschitz in the following sense. If €1,eo € [0,€], ¢1, P Lipschitz functions
with [|¢ill oo < M, and my,mg € My (D) with [dmi(z) < 1, set QF = Q* (e, di,my) to be the
solution of (A4l) corresponding to €;, ¢;,m; fori = 1,2. Then there exists a constant C' = C(e, p, M)
such that

(4.6)

QT — Q3| <C <|€1 — €2 +/D|¢1($) — ¢o(x)| dmy (z) + max

%Hmdl(ml,mz) +'/Dd(m1 — ma)(z)

) |

1=1,2

)

<C <|61 — e |1 — P2l + max

%H di(my,ma) +
€x o0

[ dom = ma)(@)

Remark 4.5. The function c(p,€) in equation @A) is an increasing function of e.

Corollary 4.6. Let €, ¢, m, and Q* = Q*(¢, ¢, m) be as in Lemma [} Then

(4.7) q" (6,Q", ¢(x)) < c(p,€)q" (0,0,0)

for a.e. x € D.
14



4.2. Finite time horizon problem. In this section we fix a final time 7" > 0 and consider the
forward-backward system only on this time horizon. For technical reasons, we will need to replace
the constant ¢ with a function €(¢) such that ¢(7) = 0. System (L6]) becomes

. ou o2 d%u . ou B
(1) E—F?@—i—H(e(t),Q (t),%>—ru—0,
.. om  o% 0°m 0 (0H . ou B
(4.8) @ o~ 5 92 T an | 3a <€(t)=Q (1), 8_95) m) =0,
i 0H v Ou
(i) Q1) = — /D i <e(t),Q (t),a—x> dm(t),

(iv)  M|p—0 = Ulz=o = 0, Mm|i—o = mo € P(D), uli=r = ur € C**2.

We define (u,m) to be a solution to (&) provided that u is a smooth function on D x [0, 7]
(twice continuously differentiable with respect to x, continuously differentiable with respect to t),
m € C([0,T]; P(D)), Equations (i) and (iii) are satisfied pointwise, the boundary conditions for u in
(iv) are satisfied pointwise, and Equation (ii) with the boundary conditions for m from (iv) holds

in the sense of distributions (see Section B]). Note that a solution (u,m) must satisfy I > 0,
x

because the domain of H is [0, 00)3. It is possible to relax this somewhat by extending the domain
of H(e,@Q,a) to include all @ > lim,_, P(g), but we need not do so here.

Assumption 4.7 (Structure of €(t)). We assume € is a smooth, non-negative, non-increasing func-
tion on [0,T] such that e(T) = 0 and ||¢'|| _ < 1.

Assumption 4.8 (Structure of ur). For each T > 0, the function ur is an element of C*T (5)
that satisfies the following conditions:

(1) ur(0) = 0;
(2) i (0) + H (0,0,u7(0)) = 0;
(8) 0 <wup(x) <cy for all x € D, where ¢c; > 0 is some constant;

(4) there exists a constant c3 > 0, independent of T', such that 0 < un(z) < c3 for all x € D
and all T > 0;

(5) there exists a constant Cy, independent of T, such that ||uTHCQ+a(5) < Cqy for all T > 0.

Remark 4.9. It is always possible to satisfy Assumption[{.8 for an arbitrary constant c3 > 0. Here
we give one possible construction. Set h = 0—22H(0,0, c3), so that condition (2) becomes ul.(0) = —h.
If h > 0, then Assumption[{.8 is satisfied by the function

. 2(63)2 h2 203 3
@) = =gt \" T )
where x_ 1= min{z,0}. In the case where h =0, Assumption[].§is satisfied by the function

3

c3r — if £ < (c3)'/?,
3
ur(@) = 3(en)¥2 4§ (= 20e)'2) " if () S < 2(en)' 2,
3(c3)®/2, if 2(c3)V? < .

15



Note also that these examples can be slightly modified to produce globally C* functions satisfying
Assumption [{.8

4.3. Estimates on the Hamilton-Jacobi equation.

Lemma 4.10 (A priori estimates for HJ equation). Let Q*(t) be any bounded, non-negative function.
Let u be a solution of the Hamilton-Jacobi equation
ou  o* d*u

(4.9) E—i— > 922

+H<()Q*() a—i)—mzo, xeD, te|0,T)

with Dirichlet boundary conditions w(0,t) = 0 and final condition u(x,T) = ur(x), which satisfies
Assumption[.8 Then for all x € D and t € [0,T], we have

1
(4.10) 0 <wu(z,t) < -H(0,0,0)+c1, 0<ug(x,t)<M,
T

where

2\/21{000 H(000)+rc1) if o3 < H(O 0)

¢z + 72 H(0,0,0)* + ZLH(0,0,0) sz3>,/ ~H(0

rcs

(4.11) M = M(o,r,c1,c3) :

Proof. See Appendix [B.2l Cf. [20, Section 4]. O

4.4. Estimates on the coupling.

Lemma 4.11. Let (u,m) be a solution of (L8]). Then Q*, given by ([EI) (iii), satisfies the following
bounds:

(4.12) 0 < Q") < c(p,€(0))g7(0,0,0) = —c(p, €(0)) %—Ij (0,0,0),

where c(p, €) is defined in ([A3).
Suppose, moreover, that mg € M,y for some o € (0,1]. Then Q*(t) is Hélder continuous on [0,T]
with
0%u
Ox?

o

ou

— 1
Ox +

(413) 10z < |

Ccoa/2 ‘

for some C'=C (ﬁ, €(0), o, M,HmOH///a/z), where M is the constant from Lemmal[4.10 that gives an

du
or

upper bound on ‘
o0

Proof. See Appendix [B.3l O

4.5. Parabolic estimates. Before stating our result on the existence of smooth solutions to the
system, we present some estimates on solutions to parabolic problems that do not depend on the
time horizon. These estimates will be useful in study of the linearized system (Section ).
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Lemma 4.12. Let T > 0,7 > 0 be given. For any f € C%*/%(D x [0,T)), and uy € C*+*(D), there
exists a unique solution u € C2t1+e/2(D % [0,T]) of

2 92
(4.14) % +ru— % % = f, Ve € D,t > 0;u(0,t) =0 Vt > 0; u(z,0) =up(x) Yo € D
satisfying
(4.15) ||U||cz+a,1+a/2(5x[oﬂ) < C(o,1,q) <||f||ca,a/2(5x[o,cp]) +\|U0||c2+a(5)) :
The constant C(o,r, o) in [AID]) does not depend on T. More specifically, we can say that if r > 1,
(4.16) lullgz o sarzxioizry < C0:0) (flaass + 731 Iy + [olpa + 75 Juoly )

Proof. The result follows from potential estimates found in [29, Chapter IV]. See Appendix[B.4l O
4.6. Existence of solutions.

Lemma 4.13. Let mg € M5 and 0 < o < 1. Then there exists a constant
C = C(p,€(0),0, M, cy,|lmol|_,

o

;)
/2
such that for any solution (u,m) of (L),

(4.17) Jullezsassars < C (147 +Ca+ 1148 0r)),
where M is the constant from Lemmal[{.10 and c1,c3,Cy are the constants from Assumption [{.§
Remark 4.14. The constant on the right-hand side of ([AIT) does not depend on T.

For the proof of Lemma T3] see Appendix

Theorem 4.15 (Existence of classical solutions for [A8))). Let mo € 4,5 and 0 < a < 1. Then
there exists a solution (u,m) satisfying the finite time horizon problem (L)) and having the following

reqularity: u € C*rolta/2 (5 X [O,T]), m € CY2([0,T); M1, (D)). Thus, Equation @&8)(i) is
satisfied in a classical sense, while Equation ([L8)) (i) is satisfied in the weak sense defined in ([3.2),
and Equation (L)) (11i) holds pointwise.

Proof. We use the Leray-Schauder fixed point theorem in a more or less standard way, cf. [20] 23] [19].
The details are given in Appendix O

Theorem 4.16 (Existence of solutions to the infinite horizon problem (L))). Let mg € .4/, and
0 < o < 1. Then there exists a solution (u,m) € C>+1+e/2 <5 x [0, oo)) x € C/2([0,00) ; My +(D))
solving the infinite time horizon problem (LQ) and satisfying the following estimates:

||u||c2+a,1+a/2 < C(ﬁ7€707 M7||m0||//[a/2 ,Oé) (1 + 7"% + Ca) )

dy (m(t1),m(ts)) < 2(M + o)ty — to|"/? V|t —ta] <1,

(4.18) OSU(w,t)S%H(O,O,O), OS%TSMVxeﬁtEO,
0<Q'W <@
0H ou ~
<= *(t), — <
0< -5 (4@, 55 @) <Q ¥ eDx boo)
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where M and Q are defined by

/2 - _ . OH
(4.19) M:=2 EH(O,O,O), Q = —c(p,e) S0 (0,0,0)

Proof. For each T > 0, we will let €(¢) be a function satisfying Assumption 7] as well as €(0) = e,
and we let up be a function satisfying Assumption .8 By Theorem [L.15] there exists a solution
of (&), which we denote (u’,m”). Fix an arbitrary Ty > 0. By Lemmas I3 and B11 (u”,m™)

is uniformly bounded in ¢t 1te/2 <5 X [O,To]) x CY2 ([0, Tp]; M1,4+(D)) for all T > Ty, with

norms bounded by a constant that does not depend on 7. Thus, by standard diagonalization, we
may pass to a subsequence, still denoted (u”,m”), that converges to some fixed (u,m), where the

convergence is in C%! (ﬁ x [0, T(]]) x C° ([0, Tp) ; M1,4 (D)) for every Tp. By the uniform estimates
on (u”,m™) it also follows that (u,m) € C*te1+e/2 (5 x [0, oo)) x CY/2([0,00) ; M1, 4(D)). To see

that (u,m) is indeed a solution to (LA, it suffices to pass to the limit in the equations satisfied by

(u”,m") on arbitrary time horizons. Finally, note that the following estimates hold:
lullezsassare < C(p,e(0), 0, M ey, s, llmollg, , s @) (1475 +Ca 745 )

di (m(t1),m(ts)) < 2(M + o)ty — o] /> Y|ty —ta] <1,

Ogu(az,t)S%H(0,0,0)—i—cl, OS&TSM(U,T,Cl,Cg)V‘Teﬁ,tEO,
0S Q) < ¢ (p.0) B (0,0,0),
oH ou 0H
< - — * —_ < _o(7 ) 2=
0 -5 (4@ 51 @0) < ~e(r) G (0.0.0) ¥wt) € D x[0.50)

where M = M (o, 7, ¢, c3) is defined in (fIT). This follows because they hold for (u”, m”) uniformly
in T (Lemmas Bl EI0] and Il also Corollary L6). Now by Remark 9] ¢1,c¢2 and ¢3 can be

made arbitrarily close to zero. Letting ¢1,c3 — 0 and using the continuity of H and %—g, we deduce

the estimates (4.I8]). O

4.7. Uniqueness and smoothness of the Hamiltonian. When the demand schedule is linear,
uniqueness of solutions to (L.G)) follows with no further conditions on the data, cf. [23]. In the case of
a general, nonlinear demand schedule satisfying Assumptions [Tl and [[.2] we can prove uniqueness
of solutions for small enough parameter e. Cf. [20]. The smallness of € makes two contributions.
First, it ensures that the Hamiltonian H is a smooth, uniformly convex function on the domain
where solutions exist. Second, it ensures that certain “energy estimates" a la Lasry-Lions (see [30])
hold, which prove uniqueness. The case where € is small has independent interest, aside from being
a technical condition that yields uniqueness. (Cf. Remark {.17)

Remark 4.17. The inspiration for taking ¢ > 0 small is taken from the basic idea that Chan and
Sircar use to compute solutions [10, IT] Namely, it is natural to try take a formal Taylor expansion
of the solution with respect to € around zero, since at € = 0 the system of equations is decoupled.
(See [21] for a justification of this technique.) Now when € > 0 is small enough, one might think to
simplify our approach by devising a contraction mapping arqument. In the present work, we do not
take this approach, but instead seek to unify as much as possible with the case where the demand
schedule is linear. For in this latter case, it is essentially from the structure of the Hamiltonian that
one obtains the “propagation of monotonicity” (cf. [14]) that is needed to prove uniqueness. We show
that the same is true when € is small, and we do so by proving the same type of estimates as we do
18



for the linear demand schedule. One could, in principle, generalize this idea to other “smallness”
conditions; for example, if the demand schedule is “close enough to linear" in a suitable sense, then
our arquments for uniqueness will go through for a wide range of parameters €. In the present work,
however, we do not pursue this direction, so as to avoid a multiplication of technicalities.

In this section we consider both the smoothness of the Hamiltonian and uniqueness of solutions
separately. The former can at first be viewed as a tool for proving the latter, in the case of a
nonlinear demand schedule. However, when we prove the regularity of the master field in Sections
and [0l the smoothness of the Hamiltonian will be required even when the demand schedule is
linear. Therefore we address it in a separate subsection.

4.7.1. Assumptions ensuring that the Hamiltonian is smooth. The following assumption ensures in
general that H can be treated as a smooth, uniformly convex function in System (L.GJ).

Assumption 4.18. We assume that M < P (EQ), where M and Q are defined in (EI9).

Remark 4.19. [Sufficient conditions to give Assumption [[.18] There necessarily exists r* large

enough so that
2
2\ —=H P Vr > r*.
3 (0,0,0) < P(0) Vr>r

Then, since € — P (EQ) 18 a continuous, decreasing function of €, there exists € > 0 such that
Assumption [{.18 holds for all 0 < € < €* and all v > 7*.

Under AssumptiondI8] it follows from Corollary [f.2]and the a priori estimates (£I8]) from Theorem
that in System (L) (or (£8), provided ¢z from Assumption is chosen small enough), H
can be treated as n times continuously differentiable with Lipschitz continuous derivatives, and
moreover it is uniformly convex. In particular, from ([£2]) there exists a constant Ci > 1 such that

(4.20) Cy' < 86272[ <6,Q(t), % (m,t)) <Cpg V(z,t) € D x (0,00)

whenever u is a solution of (6.

An interesting special case is when the demand schedule is linear; without loss of generality we take
P(q) = 1—¢q. In this case (and in general when p < 1) we have ¢(p, €) = 1, and a simple computation
shows Q@ = 1/2 and M = (20%r)~1/2. For any €* < 2, it is possible to take r* sufficiently large so
that Assumption I8 holds for any » > r* and any e < €*. In this case, the smoothness of H on
the domain where solutions lie implies that the solution to (IL6]) is the same as the solution to

, ou o2 d%u 1 . ou\?
(Z) E+7W+Z<1_EQ@)_%> —ru =0,

. om o2 9%m 0 (1 . ou B
(4.21) (@) W‘?W‘%(? (1‘@ “*@)7’”‘) =0
1
i) Q0= [ 3 (1—ecz*<t> - a—x«,w) dmft),
[ (0)  mle=0 = ule=0 = 0, m|i=0 = mo
19




4.7.2. Uniqueness.

Theorem 4.20. In addition to Assumption[{.18, suppose that
(4.22) r > 1000 max {1+ c(p, €) Pe, 1+ ¢(p, €)@, Q + eP(0) + 1}2 and

(4.23) €< <40Hc(,5, ) (1+Q) <C’H (P(0) +1) + P))‘l ,

where Cr is the constant from [@20). Then there is at most one solution (u,m,Q*) of [E3J)), and
likewise there is at most one solution (u,m,Q*) of (L) such that u and g—z are bounded.

Proof. Suppose that (u,m,Q*) and (i, 7, Q*) are both solutions of @R, or of (L6 with u, 8 Lo,
and gx bounded. We will employ the results of Sections[5.3land 5.4l which are proved independently.
Equation ([£22) (which is surely an overestimate, see Remark [5.13) implies that Assumption
holds. Then Equation (£23) implies that Lemma holds. Since the initial conditions are the
same, i.e. My = mg, we have

[l

where T is the (finite or infinite) time horizon. It follows tha

ou  oal? .
% " Ba (m(dz,t) + m(dz,t)) dt = 0,

t % = % on the support of m and

m, and so by Lemma [£4] we deduce that Q* = Q*. Then by standard uniqueness for parabolic
equations, it follows that m = m; we also get u = @ in a straightforward way if T < co.

For the infinite time horizon case, let w(z,t) = e~ (u(z,t) — @(x,t)) and note that it satisfies

ow

ow % Pw " ou ou
ez T = _ T * el . * et < et
ot 2 912 ¢ (H (E’Q ®), 83:) " <€’Q ®), 8x>) N

since g—;‘ and % are bounded. Let ¢ > 0. Multiply by (w — ¢)4+ := max {w — ¢,0} and integrate to

get

/()(—c)(xtdx+—//‘ )+

_/ (w—¢)4(z,T) da:—i—C/ / ‘ ‘(w—c)+dxd7,
0
from which we deduce

/Ooo(w—c)+(:n,t)2da:§/0 (w—¢)4(z,T) dx+C’/ / 2 4z dr.

By Gronwall’s inequality (applied backward in time), we obtain

/Oo(w — ) g (x, )2 da < LT /Oo(w —¢)y(z,T)*da.
0 0

Since u, @ are bounded, taking T large enough we deduce w(z,T) < ¢, and thus the right-hand side
is zero. We deduce that w < ¢ everywhere. Since c is arbitrary, it follows that w < 0, i.e. u < 4.
By reversing the roles of u and 4 we see that u = 4. U

2
dx dr

The following result does not require any of the assumptions made in this section, but simply
imposes a linear demand schedule.
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Theorem 4.21. Under the assumption P(q) = 1 — q (but no additional assumptions), there is
at most one solution to the finite horizon problem ([A8), and likewise at most one solution to the
infinite time horizon problem (L) such that v and % are bounded.

Proof. Let (u,m,Q*) and (4, m Q ) be two solutions to the PDE system (L.0]), then set ¢* :=
q* (e, Q*, am) and ¢* = ¢* (e, Q" ) Following the calculations in [23], we derive

Q’I

/OT /OOO e (G — ¢*)° (m +m) dzdt + 6/OT p— (Q*(t) - Q*(t))th
- /000 (77 (w=a) (@, ) (m = 1) (@, T) = (u— @) (2,0) (m — ) (2,0) ) .

Because the initial/final data are the same, the right-hand side is zero, and we conclude using the
same arguments as in the proof of Theorem [£.20 O

5. A PRIORI ESTIMATES ON THE LINEARIZED SYSTEM

In this section our goal is to prove a priori estimates and existence of solutions for a system of the

form
(5.1)
L Ow  o? dPw
(1) N + 22822+V1(x t) —I—Vg(:EtQt —rw—f,
. O *n 0 B
() 3 = 527 9 (th o <V4 +v5<xt>9<>>m+u>—o,

iy @) = (1+ [ vat ) (- Lot~ [ vac.oaut - [ vic.o 52 came).

(W) N’x:O = w!x:o =0, N’t:o = Ho-

It is useful to study System (G.I)) at a sufficiently high level of abstraction because our estimates
will serve three purposes:

(1) proving that U is Lipschitz with respect to the measure variable,
. . . oU
(2) proving the existence of a candidate for S and
m

(3) proving that the candidate is indeed a derivative in the sense of Definition

To see this, let (u,m,Q*) and (u,m, Q*) be the solutions of (@) corresponding to initial conditions
mg and 1y, respectively. For s € [0, 1] define

us = sti+ (1 —s)u, QF =sQ* + (1 —s)Q".
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If w=1a—upu=1m—m,and Q=Q* — Q*, then (G210 is satisfied with

Vi = [ O (qun. 5 ) as

v = [ o0 (i, 5 ) as
(5:2) Vi) = 50 (e Q050 ).

V4(:13,t):/0 o (e,Q*(t),aauS>ds

' 9?H
V5(:E7t): 0 8Q8a< Qs() >d8

with f =0 and v = 0.

Next, we formally take the derivative of System ([.G) with respect to the measure. The result is
System (B.1]) if we define

Vi) = S0 (@0, 5% ).
V(e t) = o7 (€0 55 ).
(5.3) %(w,t)Z%—f E,Q*(t%% :
Vite.t) = 55 (e@@.5).
Vilo) = e (@70 52

with f =0 and v = 0. If (w, ) is the solution to System (G.I]) assuming (B.3]) and initial conditions
)
respect to mg, where myq is a given initial condition in System (L6I).

Finally, let @ = @ — u — w, i = m — m — p, O =0Q"—Q"— Q. Then (w, i1, é) satisfies (1)) with
Vi,..., Vs defined as in (53] and with

54 fwn=-[ (%H< Q1) gf)—%—f(e,@*(w,%)) (5 -5 )
-/ (gg( a0.52) - 55 <€’Q*“)’%>> (@' - @' (1) as.
)= o (@ 0.5 ) @ Q- m) + 55 (@05 ) (5 - 3t —m)
i / (awa( <t>,%f)—%<e,cz*<t>,?))(@*(t)—@*(t))ds
@02

T
. 0’H v Oug 0’H v Ou ou  Ou
+m/0 (W (e 5) 5 (- ”77)) (5 3%

22

po = 0y, then w(z,0) = —U(m,:n,y) is the candidate derivative of the master field U(myg, z) with




Our a priori estimates on (w, f, é) will allow us to conclude that our candidate satisfies the definition
of derivative given in Definition

Conceptually, the a priori estimates are organized in the following progression. A crucial point
is to obtain energy estimates, which are derived by developing % (w, p) using the equations and
isolating positive terms. However, it was already noticed in [2I] that the integral terms appearing
in system such as (5.]]) interfere with the energy estimates. Because of this, we first introduce a set
of technical estimates on the Fokker-Planck equation, which require substantial preliminary results
on parabolic equations. Once this major step is accomplished, we are then to proceed to the energy
estimates, followed by Holder regularity in time, and concluded by full Schauder type estimates.
Combining the a priori estimates with the Leray-Schauder fixed point theorem, we also deduce an
existence result for System (G.1).

5.1. Preliminaries: global-in-time interior estimates. In the context of our study of System
(E10), the main purpose of this section is to introduce some function spaces which, together with their
dual spaces, will be useful for technical reasons in the sequel. There is a more general motivation,
however, which is to find higher-order estimates on parabolic equations with Dirichlet boundary
conditions, while bypassing the compatibility conditions on the boundary. So as not to distract the
reader from the main purpose of this section, we have moved all the proofs to the appendix.

5.1.1. Interior estimates on the heat equation. Define d(z) := min{z,1}. Let n be a non-negative
integer and let k£ > 0. For a function ¢ : [0,00) — R, we define the seminorm

dn+k¢(n)

Gl = = supd(@)"* |6 (@)

x>0

and the norm

1@l 5 = max [¢]; -

0<]<

When k = 0 we will simply write [¢],, o = [¢],, and [|¢]|,, o = [|¢]l,,. We will define X, ; to be the
space of all function ¢ : [0,00) — R such that ||¢[[,, ;. is finite, and X, :== X, o.

We will also make use of the following norm:

foll = sup | ¢<s>ds'+||¢un,1-
0<z<1|J0

Consider now the following potentials:
:Et / Sm—y, )’LL(]( )dy7
(5.5) v(x,t) / / Sz —y,t—s)f(y,s)dyds,

w(z,t) = =2 (x t — s)(s)ds.

Oax
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Proposition 5.1. Let ug € X,,, f € C ([O,T];Xn_l,l), and ¢ € C([0,T)). Then there exists a
constant M, depending only on n, such that for u,v,w defined as in (B0, we have

Ju(, )|, < Malluoll, ,

t
56 ol < [ €= 210 0
|w(-t)]|,, < My sup [4(s)] .
0<s<t
Proof. See Appendix [C.1.11 O

A corollary of Proposition [5.1]is an estimate of solutions to the Dirichlet problem:

2 92
(5.7) O T T ), ul0,0) = %(0), ula,0) = uof).
Theorem 5.2. Let ug € X,,, f € C([0,T); Xp—1,1), and ¢ € C([0,T]). Let u be the solution of
BT). Then there exists a constant M, depending only on n, such that

69 0, < a1 (7 s 1y ] )
0<s<t o o<s<t
Proof. See Appendix O

5.1.2. Application to MFG system. Here and in what follows we will let n be a positive integer such
that P is n+ 2 times differentiable; by Assumption [[.T]it is possible to take n = 2. Then we deduce
that H is n + 1 times differentiable. A corollary of the results in Section [B.1.1]is the following:

Proposition 5.3. Let (u,m) be the solution to the mean field games system on a finite or infinite
time horizon T, i.e. either of System (L)) or (LG). Suppose

(5.9) r> max{(2@Mn)2, 1} In(2M,,),

where Q is defined in Equation ([EID) and M, is the constant from Theorem [5.2. Then for any n
such that H is n+ 1 times differentiable, we have

oH 0
OH v Ou ~
(5.11) 21215) 90 <€7Q (t), oz ('7’5)) Hn < eDn(r),

where D(r), Dy(r) > 1 are constants that decrease as r increases.
Proof. See Appendix [C.1.2] O

Remark 5.4 (Constants for n = 0). It is worth noting that in the case n = 0, the constants used
in this Section are already known. In particular, My = 1, Do(r) = Q (see Equation [@1)), and

Do(r) = P(0) (see Corollary[f-3).
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5.2. Assumptions on the data. We will study (5.1]) on a time horizon 7" which could be finite
or infinite. When 7' < oo we take a final condition w(z,T) = 0 and assume that € = €(t) satisfies
Assumption 771 We will denote €(0) = e. If T = oo then € is assumed to be constant, and we
assume that

ow

(5.12) lim e_gtHw(-,t)Hn = lim e~ 2! e

t—o00 t—o00

=0, t— e_%tHu(t)H_n is bounded.

('7t)

In addition, we will state many of the following results in terms of an arbitrary positive integer n,
which satisfies the restriction that P is n + 2 times differentiable and therefore H is n 4 1 times
differentiable. Assumption [£18 and Equation (5.9 will be in force throughout this section. Hence
Proposition and its corollaries (5.10) and (B.I1)) apply.

We now state assumptions on the coefficients Vi,..., V5, which are abstracted from the particular

cases (£.3) and (B.2).

Assumption 5.5. (1) HVl(,t)Hn < Dy(r) for all t, where Dy, (r) is the same as in Equation
BI0), and we assume without loss of generality that Dy(r) > 1;

(2) HVQ(-,t)Hn < €Dy, (r) for all t, where Dy(r) is the same as in Equation (GII);
(3) HVg(,t)Hn < D, (r) for all t;
(4) Cg* < Vi(z,t) < Cy for all (z,t);

(5) Vs(z,t) € [eé%g,e} for all (z,t), and thus||Vs||, < emax {‘g—:;

, 1} =: Pe.
Lemma 5.6. Let Vi,..., V5 be given using formula (5.3) or (52)). Then Assumption[523 holds.

Proof. This follows from Corollaries [£.2] 3] and .6l Equations (5.10) and (5.I1]); and the a priori
estimates from Theorem O

Notation: If g = g(y,t) is a function depending on ¢ and other variables y and p is a real number,
we will denote by g, the function

9y, t) = e " g(y,1).
The energy with parameter p is denoted
2
dm(t) = / e~ 2Pt
D

(5.13) E,(t) :/

D
This quantity will appear often in our estimates, and we will prove a priori bounds on fOT E,(t)dt
in Section 5.4

2

Ow, dm(t).

ox

ow

() Oz

("t)

5.3. Estimates in X,, and X;. We will denote by X the dual of the space X,,, and by ||-||_,, the
dual norm

lull_, = sup (¢, u).
ll#ll,, <1

n=

Note that ||u]|_q =||¢|l7y by the Riesz representation theorem:

lull = sup / o(z) dpa(z) =||ullpy -
lollg<1JD
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In this subsection we provide a priori estimates on p(t) in X, where (w,p) is a solution of the

linearized system. First, we introduce a technical lemma, somewhat reminiscent of Gronwall’s
inequality. Cf. 21, Lemma 2.1].

Lemma 5.7. Let A, B, > 0 be given constants. Suppose f,g :[0,00) — [0,00) are functions that
satisfy

(5.14) Ft) < Af(to) + / tl(tl —5) M2 (Bf(s)+g(s))ds VO<tg<t; <to+0

to

Then for any \ > %ln(A), we have

251/2B T N A 261/2 T
1 - A < — A :
(5.15) ( 1_A6_M)/0 NP0 € T O+ T [ a0

Proof. See Appendix O

Lemma 5.8. Let (w, ) be a solution of (1l). Fiz p > k(r), where
(5.16) k(1) =32 (1 4 c(p, ) Pe)? Dy (1) M2 In(8M2).

Then we have

T T
(517) L ot e <ol [ (A1 By +n(s),) .

Proof. Step 1: Fix t; > tg > 0 and let ¢; € X,,. Define ¢ to be the solution of the Dirichlet
problem

¢ o ¢
_EZ%W’ ¢(0,1) =0, ¢z, T) = ¢1().

By the reflection principle, a formula for ¢ is

o) = [ Syt~ 1or(o) dy,
0
By applying Theorem (.21 we get
(5.18) 8¢, )], < Mullgnll, ¥t e [0t].

Moreover, by the same argument as in 5.1l we get

o¢

(519) 00| < Malloul, (1 -7

n

Now use ¢ as a test function in (GI))(ii) to get

(oron(t)) = (S(taptn)) + [ (52 Cmatet)uto)) a

to

0

—/tl<%(-,t), <V4(~,t)g—;u(-,t)JrVE,(',t)Q(t)) m(t)+v<t)>dt-
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Applying (EI8) and (5I9) as well as the Cauchy-Schwartz inequality, recalling that ||m(t)
we get

v <1,

65:20) [(or )] < Mallnl o], + Mlenl, [ (0 =07 2o, o),
w gl [ =7 (1l B+l Q00)] + 0],) .

Step 2: Next, we need to estimate Q(t) using (B.1)(iii). We get
(5.21) 1Q(1)] < ¢(p, e (H |-, +[[Vallo Bo(t)?)
Plugging (5:2)) into (5.20) and using Assumption .5 we deduce

HVaC, Ol ()

I

(@1, tt2))] < Mallonl )], + (1 + (6. 0P Dulr) Ml [ (b =0 u)]_,

+ (1<l P Ml [ =072 (1Valy Ba(0)? 0] ,) .

Taking the supremum over all ¢; € X,,, we get

(5.22) ||u(t)||_, < My||u(to)]|_, + (1 + c(p,€)Pe) Dn(r)Mn/t 1(t1 _ t)—1/2HM(t)H_n dt

t
+ (1 + c(p, €) Pe) Mn/ 1(t1 — 1)~/ (HV4HOE0(t)1/2 +H1/(1§)H_n) dt, Y0 <tg<t.

to
Step 3: Square both sides of (5.22]) and use Cauchy-Schwartz to get

- t1
H“(tl)Hz—n < 4M72LHN(t0)H2_n + B(t1 — to)m/t (t1 — )" 2||u()]”, dt

0

O,

~ t1
+ B(t; — to)l/z/ (ty —t)"1/2 (\\V4\\§E0(t) +Hy(t)H2_n> dt, Y0 <ty<t

to

where B := 8 (1 + c(p, e)Pe)2 D, (r)?M?2. Now we will apply Lemma [5.7] with
A=4M2, B=B6"2 5= (8B)"", f(t) =|ut)|’,
9(t) = B (IVall3 Bo(t) +[v®)],,) . and A =2p.
Comparing the definition in Equation (G.16), we see that

A>26(r) =6 1In(24) > 6 1In(4) = 1-Ae <

N —

We also have 26'/2B = 20B < 1/4, and thus (5.15) implies

T
% /0 M F(1) dt _ﬁf(0)+451/2 / Mg () dt.

0
By comparing the constants defined above, we deduce

T T
/ e M) dt < £(0) + B‘l/ e Mg(t) dt,
0 0

which implies (5.17), as desired. O
27



Corollary 5.9. Let (w, u) be a solution of (B1I), and suppose p > k(r) with k(r) defined in (5.10).
Then
1/2

T T 1/2 T 1/2
([tedora) < 0,00 ot ([Tl o)+ ([ mioar)
0 0 0

where Dy, (r) = ¢(p, €) (1+ Dy(r)).
Proof. Multiply (5.21)) by e, take the L?(0,7) norm and then apply Lemma O

Lemma 5.10. Let (w, 1) be a solution of (5.1 with time horizon T'. There exists a constant k1(r),
which depends only on n,o, and r and is decreasing with respect to r, such that if

(5.23) p<r—ri(r)

and if

(5.24) 9 il S0 as toT
M 81; ) N )

then the following a estimate holds:
T 2 T
ow - - 2 2
625 [ |G 0] at < DRl +Dutr? [ (B + 0], +5,-0) a

where Dy, (r) = ¢(p, €) (1+ Dy(r)).

Proof. Step 1: Fix some T" < T, where T' € (0, o] is the time horizon. For any function g = g(y, t)
depending on ¢ and possibly other variables, let g(y,t) = g(y, T’ —t). By reversing time in Equation
BEID (1), we see that w, satisfies

ow, o O, | - 0wy | o~ -

o =2 a2 iy TRe®- i

Since w,(0,t) = 0, we have
.Z' t / Gl ‘T y7 )~7”(y7t0) dy

. O, _
+// G1<x,y,t—s><m<y,s>%<y, )+ Va8, () ~ ) dyds 210 >0
to JO
where we define

Geyn(z,y,t) = (=1)"S(x —y,t) — S(x +y,1).

Using an argument similar to the proof of Theorem (5.2 we deduce

(5.26) Haa? (1) ) < A, 68? (,t0) )
#Bup (Da(r) + Do) 1) [ 6= 9)7 (Haw’“ o) +[@ ]+ ) as

where A,, depends only on the constants my, ..., my, B, » depends only on the constants mq 4, ..., mp 1,

and D, (r) is the constant from (5.1I)).
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Step 2: Square both sides of (2.20]) to get

2 2

0w, ~ || 0w,
|5 | < A G )|
. t 0w, 2= .
where

) . 2
A, =442, B, := 83270 <Dn(r) + €Dy (r) + 1) .

We will apply Lemma 5.7 with

+

§=(8By)"',A=A,, B=B,5"2 gt)=B ((’QX(S)‘Q

)

We deduce that for every A > 6~ 1In(24,,),

T ~ 2 A ~ 2 T
0w A oW —~ |2 ~ 2
)\t r n T —\t
e M= (L) dt < — -0 +/ e <‘Qrt‘ + (-t )dt.
[ Fen| vs ] Fm o] f +]Fcol
Define
~ ~ ~ 2 ~
k(1) = 4B, In(24,,) = 3282 (Dn(r) 4 eDn(r) + 1) In(24,),
which satisfies the hypotheses given in the statement of the lemma. Then set p = r — %; we have

define 1 (r) so that p < r — k1(r) is equivalent to A > 6~!1n(24,). Now make the substitution
t+— T" —t, then let 7" — T and use ([.24)) to get

T ? T 2 2
/ ar< [ (@0 +lgenl) a

Finally, we use Corollary to get (B.23). O

ow,
e (1)

We can also estimate H'“P(t)H—n pointwise, provided we are willing to include some dependence on
ow,
ox

, which will be estimated below.

Lemma 5.11. Let (w, ) be a solution of (B1). Suppose

(5.27) p > 36 (1+c(p,€)” Dn(r)2M2 =: ro(r).
Then
ow, ||*? T A
(5.28) sup Hup(t)H_n < 2M,||poll_,, + sup HVP(T)H_n + Cy || 52 / E,(s)ds .
0<t<T 0<7<T Ox 0 0

where

Ch :4(1—1—0(,5,6))1/2M1/2.



Proof. Take (5.22)) with tg = 0,¢; = ¢, multiply by e ! to get

(5:29) ||o(®)||_,, < Mallroll _,, + (1 + ¢(p, €)) Dn(r) M, / e P (= 5) 72y (s)]_,, ds
+ (1+c(p.e / —s)_l/Q( E,(s)2 +||vp(s)]| )ds.
We first use Holder’s inequality to estimate

(5.30)

t w, ||'* [t
/ e P (t — 5)"12E,(s)! /2 ds <H 0 / e =) (t — 5)" 2B, (s) /" ds
0 0 0

1/2 3/4 " 1/4
( e 3P(t=8) (1 — 5)72/3 ds> </0 E,(s) ds) .
Using the substitution s+ t — ;, we find

t t
/ e 3pt= S)(t - s)_2/3 ds = p_l/?’/ e"3%572/3 ds
0 0

1 00
<p /3 </ s/ ds+/ e_gsds) < 4p~1/3
0 1
and also

t
(5.32) / e P9t — )12 ds < 3p~ /2
0

Using (6.30), (5.31), and (E.32) in (29), we get
(5.33) |lo®)||_,, < Mallpoll_,, +3p72 (1 + c(p, €)) Dy(r) M, OSuETHNP(T)

<[],

(5.31)

-
ow. V2 [ T 1/4
+3p7 2 (L4 (5, ) Ma sup, [l ()] +4071" (14 e(p,0) M| 22| (/ EMdS)

0<7<T

By the assumption (5.27), (£.33) simplifies to
1
Hﬂp(t)H_n < M|\ pol| ,, + 2 O;IETHMP(T)H_"

+ 1 sup |fp)] 2 (U elp o) M| awp

2 o<r<T

(o)

Take the supremum and rearrange to deduce (5.28]).

From now on we make the following assumption:

Assumption 5.12. We assume r > 2max {(r), k1(r), ko(r)} with k(r) defined in (EI0), ki1 (r)
defined in (5.23), and ko(r) defined in (B27]).

Importantly, Assumption [5.12] can always be obtained by choosing r large enough, because k(r),
k1(r), and ko(r) are all decreasing functions of r.
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Remark 5.13. When n = 0, Remark[5]] shows us that k(r), k1(r), and ko(r) no longer depend on
r. In fact, they have the following formulas, more or less explicit:

K(r) =32 (14 c(p, €) Pe)” Q* In(8),
k(1) := 32B2 (Q + P(0) + 1) In(24),

ro(r) == 36 (1+ c(p,e)) Q%

Only the constant By and Ay from the proof of Lemma[210 are left undefined, but upon inspection
of the proof we can see that Ay and By are constants no greater than, say, 10. Therefore (A22)) is
surely an overestimate.

Corollary 5.14 (Summary of this subsection). Let (w, u) be a solution of (&l). Under Assumption
212, we have the following a priori estimates:
2
)] at
-n

/ o] at <2, + / ' (\MHSET/z(t) +]
1/2 T 1/2
B dt) + ( /0 E, )5(t) dt) :

1/2
(/OT\Qm(t)fdt) < Da(r) \mou_n+</:\

Vr/2(t)

2
T Owr 2 N A T 2 2
L2 o)) at< D2l + Dutry? | (Er/2<t>+\ur/2<t>1|_n+\fr/2<-,t>Hn)dt,
1/4
8w7‘2
sup [|ipp(®)]| < 2Mullolly+ sup v+ Cn =52 (/ Byt dt) ,
0<t<T -n 0<7<T —n

where Dy (r) = c(p, €) (1+ Dy(r)), Cn =4 (1+ c(p, e))l/2 My?, and D, (r) is the constant appear-
ing in Equation (B.10).

Proof. 1t suffices to observe that the hypotheses of Lemmas 5.8 510, and [E.11] are all satisfied with
p=r/2. O

5.4. Energy estimates. In some mean field games, known as “potential mean field games," the
Nash equilibrium can be computed by minimizing a certain energy functional |30} B [ [6]. Because
of a formal resemblance, we keep the name “energy estimates" for the estimates derived in this
subsection. We divide our results into two lemmas. The first deals with differences of solutions
to System (L6]), in which case we assume (0.2)) with f = v = 0, and the second deals with the
case (B.3]), with no restriction on f,rv. Although it is tempting to view the former as a special case
of the latter, there are technical points in the proof in which it is not convenient to do so, and
thus the proofs are treated separately. Nevertheless, their basic outline is similar: differentiate the
duality pairing (w, u) with respect to time and use the PDE system to write an identity, then use

the assumption on the uniform convexity of H to derive an estimate of the integral fOT E, jo(t) dt.
(Recall that E,./; is defined by (5.13)).)

A~

Lemma 5.15 (Energy estimates, differences). Let (u,m,Q*) and (4,1, Q*) be solutions to System
(L6)) with initial conditions mo and Mg, respectively.
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(1) Assume that € satisfies the smallness condition
(5.34) ACH Dy () <C’H (P(0) + 1) + P) e<1.

where, as in (@3], P:max{p 2,1}. Then
(5.35) / / -t

(2) Assume instead that the demand schedule is linear, i.e. P(q) = 1 — q, and that € < 2. Then
we have

(5.36) // —rt

Proof. Step 1: For a small parameter €. In this first step, we make no further assumptions on the
demand schedule P but instead assume condition (534]) holds. Multiply (L6, (ii) by v — @ and
integrate by parts, then subtract. (See [30, Theorem 2.4].) After rearranging we get

ou  oul? .
% B2 (m(da, t) + m(dz,t)) dt

<o — mol1%,, + 2CH||a(-,0) = u(-,0)|| llrio — mol|_,,,

2

Ou (m(dz,t) + m(dz,t)) dt < SHﬂ(-, — u( H |10 — mol|_,, -

o 8:17

T

{/ e (u(x, t) — @z, t))(m — m)(dx,t)]o
/ / < ( "), gz) H (e,Q*(t), %) - %_ZI (6,62*(15% %) (% - %)) m(dz,t)dt
Lo ({22 (0.2 2 (o 32) (32 39) )i

By Equation ([@2]), we deduce
ou

(5.37) C’H/ / Tt@x ax
<[ | <H< 0:5;)
+/()T/De_” (H( 8_> <e, Q*(t ,%)) m(dax,t)dt

i [ /D e~ (u(w,t) — (. 1) (m — i)(da, )

Since u, @ are bounded and [, m;(da, T) < 1 for all T, it follows that

2
(m(dz,t) + m(dw, t)) dt

T

0

Tlim e (u(T, ) — (T, z))(m — m)(dz,T) = 0.
—00 JD

We can rewrite the remaining terms on the right-hand side using the fundamental theorem of
calculus. Thus (5.37) becomes, after letting 7' — oo,

(5.38) / / ~rt| 0u 2

9 ax (m(da,t) + m(dw,t)) dt < Io+ I + I,
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where Iy := ‘fp(u(o,m) — (0, 2))(m — m)(dz, 0)‘,

I = /1 /OO/ e—”a—H G@;@),%) (@ (1)~ @) (m —)(dz, 1) dtds,  and
I = / / / [ ot (c@0.52) (52 - 55) (@) - @) miao ) awasas

where QX (t) := sQ*(t) + (1 — s)Q*(t), us := st + (1 — s)u.
By using Corollary and (LI]), we can estimate

o (+a037)
s (<0 52) (5 5)

P ._ p—1
where P := max {‘ 3|

(P(0) +1) e,

< Pe, Vs,5€0,1],

1} is defined in Corollary B3l Thus

Ll < (PO)+ 1) e/ooo et

D] §]56/ /e—” ot
0 D

ox
Recalling the definitions w = 4 — u, 0 = m — m, and Q = Q — @, using the Cauchy-Schwartz
inequality and the fact that m is a sub-probability measure, we deduce the following from (5.39):

L] < (P(0) + 1) € </ ‘Qr/2 ‘ )1/2</000‘ indt>l/2’
\[21§Pe</0 ‘Qr/z(t)rdt)l/z(/o ET/2(t)dt>1/2.

We now apply Corollary 514l and Assumption 5.5} here we can assume v = 0 and f = 0. Thus

(E40) implies

Q" (1) - @*(t)\uma) — ()], dt,
(5.39)

t)‘ m(dz, t) dt.

ol
(5.40)

11| < 2Dy (r)Crr (P(0) + [y E,jo(t) dt
(5.41) ( / 2 >

L] < 2D, (r) PeQmOu / B, (¢ dt)

Plugging (5.41) into (5.38), we deduce
(5.42)

[

where C' = 2D,,(r) (CH (P(0)+1) + ]3>. Equation (5.:34) can be written

ou  0ul?

Oor Ox

(m(dz,t) + r(de,t)) dt < CpCe (IIuollin + / B, j(t) dt) + Cyl,
0

QCHCG <1.

Since the left-hand side of (5.42) dominates [;° E, /o (t) dt, we use (534) and rearrange to deduce
©.35).
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Step 2: For a linear demand schedule. Now we consider the case where P(¢) =1—g and € < 2. In
this case the same series of computations (cf. the proof of Theorem 27| see also Equation (5.51))
below) now leads to

T

- 2
(5.43) E / / (E?wr/g + eQr/2> dim +m)(t)dt + € Q,/o(t)?dt
4 0 D ox

0

< e—TTI

wC T ol @ g + [l 0)lf, ol - -

Let T" — T, rearrange the square term in (5.43) and perform standard estimates to deduce

ow ’
//( ’“/2) i+ m)(t) dt < 8[[w(-,0)|| [lroll_, .

which is the same as

0

Lemma 5.16 (Energy estimates, all other cases). Let (w, p) be a solution of the system (1), and
assume that Vi, ..., Vs, f,v satisfy (B3).

(1) Assume that € is sufficiently small, namely
(5.44) edD,, (r)? (D (r )+P) 02 < (40H)™!
Then

T T
649) [ B0t < aCullut )], ol + 4ol € [

2
).

(2) Assume instead that the demand schedule P is linear, i.e. P(q) = 1 — q, and that ¢ < 2.

Then
546) [ Epo)as < 160 ol ok, +0 [ st ) at

2
fr/z('vt)Hn‘F

0l

where C' = 4C%, <l§n(r)2 + C%) +1

Vr/2( )‘
where C' = <32max{ (1), CH} —|—17>.

Proof. Note that the case when (w, ) is a difference of two solutions to System (L6), so that (5.2])
holds with f = v =0, is already proved in Section 71

Step 1: For a small parameter €. In this first step, we make no further assumptions on the demand
schedule P but instead assume condition (5.44)) holds. Note that when

Differentiate e="* f’D wp with respect to ¢t and integrate by parts to get
d
(547) — Wypafivsa | = | Frjattess — Qrp2(t) | Vapin)o
dt \Jp D D
2
r/2

ow
[l
D

ox
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Let 7" € (0,T) and integrate (5.47) from 0 to 7’. Recalling that V; > C' from Assumption 53]
we get

T T’ T
Cy' | Ept)dt< <wr/2('7t)7:u'r/2(t)>‘ +/ frpa(ss H ‘Mm ‘ dt
0 0 0 -n
+/T ‘Qr/2(t)‘ <||V2 " Mr/z(t)H_ +||V5||0Er/2(t)1/2> dt+/T ‘81;;/2 ('J)H Vr/2(t)‘ dt.
0 n 0 " n

Then let 7" — T and recall that by assumption (Z.12]), lims_,7 <wr/2(., t), /2 (t)> = 0. Thus,

dt

-n

Fopa)| |

T
(548) Cf_]l/o Er/2(t) dtﬁH’lU(,O)HnH,UOH_n / /LT’/2 ‘

+ [ oo (

Now using Corollary [5.14] recalling ||V4||, < Cu (Assumption [B.5), we derive

T
/ ( vea®)| )dt
0 n n

T T
< (2CH)_1/ Er/2(t) dt + (2CH)_1”IU'0H2—TL+01/ <
0 0

8’[07, 2
/2 )

dt.
ox

—n

T
n MT/2(t)H_n+H‘/5”O Er/g(t)1/2> dt—l—/o

Vr/2(t)‘

Gwr/g
+ ox ('7t)

—n

ool

/Lr/2 ‘

fr/2('7t)Hi+

)], ) at

T T
(5.49) (2CH)—1/0 Er/z(t)dtSHW(’aO)Hn|’NO”—n+Cl/O < 2_n> dt

20 o2 / () ( nu,ﬁ(t)H_n+HvsuoEr/2<t>1/2)dt.

Also, again using Corollary 5.I4] and also Assumption [0.5] we get

[ |20 (et
<, (D)4 ) (1l

where P = max {‘ﬁ—l‘ 1}. Then by (.44), Equation (5.49) yields

where C} := Cpg (f)n(r)z + C12{) Thus (548) yields

2
fr/2('7t)Hn+

Vr/2 (t)‘

a0, +1Vally B alt)2)

2
Vr/2(t)‘ -

T
dt + C% / Er/g(t)dt)
n 0

l\D
bl

T T
(5.50) (4Cu)~" /O B, a(t)dt < (0], lmoll,, + €1 /0 <fr/2(wt)Hi+

0l

2
)t

2
dt.

—n

T
+ Ot ol + (4CH) ! /O

Vr/2 (t)‘
We rearrange (5.50) to conclude with (5.45]).

Step 2: For a linear demand schedule. Now we consider the case where P(q) =1— ¢ and € < 2, so
that the system has the form (£2I]). After doing integration by parts and canceling like terms, we
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+ €(t) /dm > / dm —|—2<2—|—e /dm > </ ,u()>2
=%(/D . )du()>+2<2+6()/de()> [avto) [ aute
+<2+6(t)/de(t)>_l/Ddu() g—wdm /—du /f Ydu(t),

from which we deduce
652 3 (2440 [amy) / ‘ 0+ (2+e) [ dm(t))_l (f q*(-,t>du<t>)2
g%(/p (1) dpt >)+€2§2 (2+et0) [ ame >)_1 (/ vt >)2
/ O 41 / Ft) du(h).

Multiply (552) by ™", integrate from 0 to 7" and let 7" — T to get
) ds.
—n

2
ds

—n

T € 62 T
653 [ Eupls)ds <22+ w0, ol + 5 / [ 2659

+2(2+6)/0 (

(9w /2
ox

ow /2
ox

r/2(8)

H”/2 w29

) u
T
<ol + /0 E, (t) dt

+ (smax {ur. o} @+ 0?01 [ (o]

Using Corollary E.14] and rearranging (5.53]), we deduce

r ('7t) L (t)

| et

4(2+e)/0 (

ol )a

2
ds

-n

o 0 WL

T T
/0 Eyja(s)ds <42+ o)||w(-, 0)]|  lnoll _, +lmoll?, +€(2+¢) 2/ HV/z

+ (smax {Dur.cu} @+ 07 41) [ (Juato)]

which can be rewritten as (5.40]), using € < 2.

—n

We now introduce the following condition on e:

Assumption 5.17. We assume either that

(5.54)  emax {16ﬁn(r)2 ([)n(r) v P) O3, 4CH Dy (r) (CH (P(0) +1) + P) } <1
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‘b\

bl
o

where P = max{ 1,1}, orelse P(q) =1—q and € < 2.

Corollary 5.18. Let (w, pu) be a solution of (B.1), where either (B3) or (B2) holds. Define

T
655 Julo) =G0l ol ol + [ (56N, ) s

1/2

Jn(p)1/4-

ow
(5.56) Knlp) =l + sup [Jv(r H :

M+

Let Assumptions[Z19 and [L17 hold. Then there exists a constant C, depending on the data but not
on T, such that the following three estimates hold:

T
(5.57) /0 B, jo(s)ds < CTo(r/2).

(5.58) /OT(

poppd)| e < Catry2),

T 8wr/2 ?
(5.59) / L2 )| e < Calr/2),
0 x
(5.60) / ‘Qr/z dt < CJp(r/2),
(5.61) S[lé% (| 12n (2) H_n < CKp(r/2).

Proof. By Assumption B.12] taking (5.I12) into account, we can apply Lemmas 5.8 and B0 with

p =r/2. Apply Lemmas[E.I5 and 516, we deduce (557). Then Equations (5.58), (5.59), (5.60), and
(BE6T]) follow from applying Lemma [5.8) Lemma [5.10) Corollary 5.9 and Lemma [5.11] respectively,
using Equation (5.57)). O

5.5. Holder estimates. Recall that Y; ., := C1*%(D) is the space of all ¢ € C'T*(D) with the

compatibility condition ¢(0) = 0. Set ¢(z) =1 —e~*. For n > 2 we will define Y, 1, to be the
space of all ¢ € C1T*(D) such that ¢/ ~'¢ € CJT*(D) for j = 2,...,n, with norm given by

Jolly,,., = S0
j=1

This defines a Banach space. The following two lemmas provide estimates on solutions to parabolic
equations in the spaces Y, 1o for n =1,2,3.

Cite

Lemma 5.19. Let u be a the solution of

ou o? 9*u ou
5.62 + A — — Vv —
(5.62) o M g TV g
where \ is any positive constant, F is a bounded continuous function, and ug € C1Y*(D) (i.e. ug €
CY(D) with ug(0) =0). Then

=F, u(0,t)=0, wu(z,0)=up(x)

ou

- € (1Vll»0:2) (1Fly +luollre-)

[ullgaars(Dxjo,ry) +

c/2(Dx[0,1])

where C (|V||y, . A) is independent of T.
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Proof. See |21l Lemma 2.7]. O

Lemma 5.20. Let u be a solution of (5.62)), in which F, ‘?95, V, %‘; € C*2(D x [0,T]). Assume
also that ug € Yo forn =2 orn = 3; that is, assume 3! ( ) ¢ CHH(D) forj=1,...,n. Then

(5.63) [[Yullezsartarz@xpor)
< O ([Vlleawasz s As 05 @) ([$uollezra +lluollersa +[0F |l canrz +I1Flo),  and

) )\7 0-7 «
Coa/2

oF
2 —_—
¥ ox

ov

2 O0u o
ox

(5.64) ‘ o

f < C{IVlaare
C2ta1+a/2(Dx[0,T))

(=

Proof. Multiply (5.62) by v to see that v(x,t) = ¢ (z)u(z,t) is the solution to

2 2 2
v )\U— 8U+V@:¢F—02¢/%—%¢HU+V¢/U,

ot 2 922 ox
v(0,t) =0, ov(z,0) =Y (x)u(z).

Note that the compatibility conditions of order 0 and 1 are satisfied. Indeed, the condition of order
0 is trivial: 9 (0)uo(0) = 0. The condition of order 1 is

o2 d2
2 da?

+l[vuollgzta +‘ Y Fl e +HF||0> :

C2to Co,a/2

A(0)ug(0) — (¥uo)(0) + V(0, 0) (TPUO)( )

= ¥(0)F(0,0) — oy (0)u(0) — —w”< Juo(0) + V/(0,0)%(0)uo(0),
which can be verified by expanding the derivatives and using the fact that ¢(0) = 0. Now observe
ou

that
2
g
‘ 8'17 Cca,a/2 >

<C([Vligaar +1) (1o +luolleria)
where C' depends on ||V]|,, a, and X as in Lemma[5.19 Here we have used the fact that Hw(")
for all n. From Lemma [.12] we have
Ca,a/2> ’
and Equation (£.63)) follows from interpolation.
To derive Equation (5.64)), take the derivative with respect to x of (5.62) and multiply by /2.
Rearrange to see that w(z,t) = ¢(m)2%($, t) is the (weak) solution to

oF A% ” 0%u
2%—<¢2%+ (¢)+02¢¢>— (¢2V+202W)a2,

w(ovt) =0, ’LU(:E,O) = Tl)( )2’LL6( )

8u_

/ o? " /

co,a/2

=1
0

ollezterrar>@xpo)

v
Ox

<C (HVHca»a/? A, 0, Oé) (HTZ)UOHc%a +uollerra +VF || casarz +[|Flg + ‘

2 2
AL WA

ot 2 Ox? =9
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Notice that, thanks to the fact that (0) = 0, the compatibility conditions of order 0 and 1 are
satisfied, by the same reasoning as above. We also have, using Lemma [5.19]

oF oV p 9%u
2%—<¢2% 2(711) -1-0’1[)1[))— <¢2V+20’2¢¢>ax

Ca,a/2

0%
Vo

ou

Z?F
2
Vo ox

< +C

+o|5
coa/2

Ca,a/Q Ca,a/2

oF
2
w(‘?

IN

ou
+CH8— + Cllullgaare + Cllivullgarantar

xz Cca,a/2

Zr Cca,a/2

oF
Vo + CIIF g +ldullearansars

Zr coa/2

IN

3% || gy’ By Lemma [£12] and Equation (5.63]), we deduce
E64). O

Lemmas [5.19] and £.20] have the following consequence in the case F' = 0:

Corollary 5.21. Let u be the solution of (5.62]) where X is any positive constant and where F = 0.
Then

[u(,t1) —u(, )],
sup||u + su e < Cllug
st Ol + sup D e G
where C' depends on a, X\, o, and on either |V, (if n = 1), |V|caasz (if n = 2), or |V caasz +
8V _
coars (0 =3).

Next we wish to establish estimates on the Fokker-Planck equation in the spaces Y7, ,, denoting

the dual of Yy, o, with regularity in time as well. Note that -|[,, <|[-[|y, , , and thus||: HY:M <l .-

Lemma 5.22. Let (w, 1) be a solution of ([&1l). Suppose Assumption 13 holds. Then

(5.65) ‘ e o < Clay,r,0)du(r/2)V2, n=1,2,

ce/2([0,1);
where Jy, is defined in (5.55]).

n+a)

<1

Proof. Step 1: Let A > 0 be such that A < r/2. Fix t; > 0, let ¢, € Y, 1o with HqﬁtlHY L =L

and for any A > 0 let $V denote the solution of

09 o? 9%¢ ¢
i +)\¢—78——V3( )%

Note that we have the relation

=0, ¢(0,t)=0, o(z,t1)=d,(z)

<;S()‘1+>‘2)(a:,t) = ekz(t—t1)¢(>\1)(%t)'

Now [|¢*||¢asa/2 and H%ix can be estimated using the norm ||u||s2+a,14a/2, Which in turn is

coa/2
estimated by the a priori estimates in Theorem [T0l By Corollary .21 we therefore have

¢N(t1) — 6N (to)
%_

Yota  toe[0,t1) (tl — to)a/2
39

(5.66) sup ||o™ (¢) Ynte < O (a, A, ).
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For any to € [0,t1] we have, using integration by parts,

(5.67) /¢W2/wwm1w—/¢wzxmmmxmd

1 (r/2)
/t / 0o 2) (( 1(x,t) 81;;/2 (x,t) + Vg,(x,t)Qr/g(t)> m + VT/2) dx dt.
to

Applying ([5.66) and Corollary I8 using the identity ¢("/2) = eA=7/2t=1) 6N we have
(5.68)

t1 (r/2)
/t / 0 (( 1(z,t) 88;/2 (z,t) + Vs(z, t)QT/2( )> m+ur/2) dz dt
D

Vr/2(t)‘

t1
gC@mﬂ/’&ﬁmm”<&mW”H

to

t1—1o 1/2 t1
< C(a,\0) (/ e~ Ur/2=A) dt) (/ <Er/g(t) +(
0 to

, 1/2
)t
< C'(a, \, o) min {(T/2 —NV2 (- t0)1/2} Tn(r/2)V2.
Using (0.68) in (B.67) with 9 = 0 and taking the supremum over all ¢, we deduce the bound
< C(a ) o) (12— A)1/2 ( s Jn(r/2)1/2> Vit > 0.

Vr/2(t)‘

Nr/z(t)H_n +

2
Nr/z(t)H_n +

(5.69)

Nr/2(t1) v

n+ao

On the other hand, subtracting [ ¢y, p, /2(t1) from both sides of (5.67), we have

(5.70) / 01, (@) (for 22, 12) = g (s t0) ) do = /D (672 @, t0) = 6/ (@,11)) o, ) da

_/t /8¢r/2 (( () ?)Z) (xjt)+{/}’(x7t)Q(t)>m+l/> dx dt.

Combining (5:66), (0.68]), and (5.69) to estimate the right-hand side of (5.70]), we deduce that

(5.71) |ep2(t) = peptto)| . < Claro) <|!M0Hy;+a + In(r/2)!2) (11— o).

It suffices to take A = r/4. < ol _,, < Jn(r/2)'/2, we see that (5.6
and (571) imply (5.63). O

5.6. Holder regularity of the mass function. Let (w, ) solve (B]). Our goal is to prove the
Holder regularity of the following functional:

Mo(t) = e (L (1)) = e /D () da.

This will allow us to estimate Q, in a Hélder space.

We introduce the space .#, ", in analogy to the space .#, defined in Section 2l For any p € X
define the mass function

(5.72) 0] (t) == (u,1) — /D <(S(x — 1) = Sz + 1)) ,u> dx,

40



cf. (38). By Proposition 5.1l we deduce that

/ (S(@—-t) = S(x+-,t)) da
D

and thus we can write (5.72)) as

PO = ) = [ (S0 = 0) = SCa+0) doge).

from which we also deduce

< 2My |1, = 2My,

n

[l < Callull_, ¥t 0.

Now we define .Z;™ to be the set of all 4 € X} such that n[u] is a-Hélder continuous. It is a
Banach space endowed with the norm

_ h
e s (LA 2] P

Lemma 5.23. Let (w, ) solve (&1)), and suppose Assumption [5.12 holds. Assume that o < 2/5.
There exists a constant C depending only on the data but not on T such that

(5.73) 1 gy = € (0l + Fnlr/2))
where

N ow, 5 ||
(5.74) Ra(r/2) = Ku(r/2) +| 22| Julr/2)".

and where Jy,(r/2) and K, (r/2) are defined in (L55) and ([B56), respectively.

Proof. Observe that ||1{|,, = 1 for all n and ||£]|,, <2 for n =0, 1,2, so we have the bounds

Cr/z(t)‘ S‘

It remains to prove estimates on the Holder seminorms.

oja(8)] <|

try2(t) H_n ; ,Ur/2(t)‘

—n

Step 1: By Duhamel’s Principle, we can write
,u(x, t) = Il(x7 t) + 12(337 t) + I3($7 t) + I4($7 t)

where
B == [ [T (86— vt =) = S+ 00t = ) (Vi (09) s,
I, t) = — /Ot /OOO (S —y,t — ) — S(x+y,t —5)) (bm)y (y, s) dy ds,
L) = —/Ot/ooo (S(x —yot — ) — S(x+y,t — ) vy(y, 5) dy ds,
(e t) = [ (8= 0.6) = Sl -+ 1) molo) iy

ow

5 (x,t) + Vs(z,t)Q(t).

41
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Using integration by parts, we deduce

4
eja(t) =D (1)
j=1
where
nt(t) = / / e G(x b — ) Va(z, )iy /2(, s) dw ds,

/ / e 285 (x it —8)bya(x, s)m(z, s) dw ds,
= 2/ / S(z,t— s)e_r/zsl/r/2(x,8) dx ds,
0 Jo

4 _i —r/2t/oo/oo —x2
n(t) = 7= ; (202t)1/2xe po(y) dy da

where we follow the usual convention defining b, /5(7,t) = e 7/?th(x,t). We use much the same
arguments as in Lemma [3.7] to establish Holder estimates.

Step 2: For the first term, we write

t1 [e%e)
n'(t1) —n'(to) = 2/ / e S (2 by — 5)Va(a, )iy jo(x, 5) do ds
to

to
+2/ / / —r/2t s)S(x,t—S)} Vg(x,s)uT,/Q(;us) dt dz ds.
to

Use Corollary 518 and Assumption 5.5 to get

t1
n'(t1) —n'(to)| < C(nw)Kn(T/%/ e PEIS( 1 — )], ds
to

to 11
+ C(n,T)Kn(r/2)/ /
0 to
Use Lemma [3.0] to get

t1 t1
/ e_r/z(t_s)“S(',tl — s)Hnds < C(n)/ (t1 — s)_l/2 ds = C(n)(t1 — t0)1/2.

to to

On the other hand, from Lemma we also have

dt ds.

d [e—r/2(t—s)s(x7t _ S)]

n

sup|z"t>/2 o (x,t)] <0 = 0°5 (z, )| <Cm)t=>?
.t Opnt2 \ Or2 =
for any n. We use this to deduce
to t1
(5.75) / / 4 {e‘r/z(t_s)S(a:,t - s)} dtds
0 to n
to 2
/ /to e~T/2(t=) 5 gg( b —8)—1r/25(x,t —s)|| dtds

to to
C(n,o / / )2 dtds + C(n r/2/ / )72 dtds < C(n,0,7) (b — to)'/?
to to



so long as t; — tg < 1. These estimates combine to give
(576) ‘7]1(751) — 771(750)‘ § C’(r, g, ’I’L)Kn(T‘/2)(t1 — t0)1/2 YO0 § t() S tl S to + 1.
By the very same argument, we also have

(5.77)

() — n3(t0)‘ < O(r,0,n) K (r/2)(t — to)/? W0 <tg <ty < to+ 1.

Step 3: Next we write
t1
n*(t1) —n*(to) = —2/ / e/ G (2t — 8)by o (, s)m(x, s) da ds
to

to
_ 2/ / / % e—r/2(t—5)5(g;,t — s)] by 2, s)m(x, s) dt dw ds.
to

Recall that b = V4 + V59, and recall also the formula (G1])(iii) for Q. Applying Lemma [B.1T], we
have

e’} 0 8 N
/ by2(, S)‘ m(x,s)de < C(n)K,(r/2) + C/ gx/z (x,s)| m(z,s)dz
0 0
S 2/3
< C)Ka(r/2) +C| =L Eypa(s)'"
0
Using the same reasoning as in the previous step, we deduce
Ow, /9 7
n(t1) — n*(to)| < C(r,0,n) Ky (r/2)(t1 — to)/* + C(n) S / (t = 5)"1 2B, a(s)"/0 ds
o Jto
8 . to
+ C(n,o,r) v /2 / / )73/% 4 (t—s)_1/2) ET,/Q(S)l/GdS,
to

for 0 <ty <t; <tyg+ 1. (Cf. Equation (M) ) By Holder’s inequality, we compute

1/6
t1 t1

| =5 B p s < Ot — 1) (/ Er/z(S)dS) ,
t t,

0 0
to t1 t1 1/6
/ / Y2 ()Y Bpp() P ds < Ot - 10) 0 ([ Epals)as )
to to
Combining this with Corollary [£.I8] we have
(5.78) 02 (t1) = (ko) | < Cr,0,m) Ko (1/2) (11 = 1),

where K,,(r/2) is defined in (5.74).

Step 4: For the last term 7*(¢), we use the definition of .#; ™ and the mass function (5.72) to see
that
(5.79) 0 (8) = 2 o] (8),

r/2t

and so, because t +— e~ is globally Lipschitz with constant r/2 on the interval [0, c0), we deduce

< max {1,7/2} ol -
43
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Putting together (5.70)), (5.78), (5.717), and (E.79), we deduce (5.73).
U

Corollary 5.24. Let (w,u) be a solution of (B1) and suppose Assumption [L13 holds. Assume
a < 2/5. Then there exists a constant C, depending only on the data but not on T, such that, for
n=1,2,

¥ awr/2
. <
(5.80) (2 o) FACTIRY )
where
(5.81) Jn(r/2) ::‘ (v 1) Hlloll yn + Tulr/2)2 + Ko(r/2),
ce/2([0,17) o

and J, and K, are defined in (5.55) and (574), respectively.

Proof. Multiplying Equation (1) (iii) by e "*/2, we have
Q. 2(t) = g1(t) (92(t) + g3(t) + ga(t))

where

ga(t) = /D ¢+ 8) dp o (),
_ L [ Ouwyp

Using the fact that m(t) is a positive measure-valued process together with the Holder regularity
deduced from Lemma [B.7] we have

(5.82) l91llcarz o,y < C-
On the other hand,
<Vr/27 1>

which is taken as given. Next, we analyze g3. Set

qN(‘Tvt) = q*(x7t) - q*(ovt)v

(-, t)dm(t).

(5.83) H92HCO¢/2([O,T}) :‘

I

ce/2((0,17)

so that
(5.84) g3(t) = /DQN('J) dpyy2(t) + a0, 8)n,/2(t) =: g3,1(t) + g3,2(t).

Observe that, since §(0,t) = 0 by construction, we have § € C*/2([0, T]; Y +a ), where by computing
the derivatives of ¢* we deduce

- ou
1dllcarz(o,ryvya) < ltllcaraitarz +H1/1 o

C2+a,1+a/2
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Therefore, using Lemma [5.22] we get

(585) H9371HCQ/2([0,T]) < C‘ < CJn(r/2), n=1,2.

Hor /2

co/2([0,TY )

On the other hand,
la*(0, ')HCa/2([0,T]) <C

by the Holder regularity of g—;‘. By Lemma [5.23] we deduce

(5.56) Jsnalewqom < € (ol + Entr/2)

Finally, we analyze g4 in a similar way. Write

8wr awr awr
ni)=—3 [ ( L2 (1) - ol (o,t>> am(®) = 5 522 0.1) [ am(o)

Using Lemmas [B.1] and B.7] applies to the solution m of System (@21]), we deduce

(5.87)
6?,07«/2 6?,07«/2
J9slcersqor é“ <||m||ca/2 esiory | [ amt ) e .
((0,77) o pos [0,7] cal2(jo.1)) ox o/
Combining (5:82), (5:83), (E.84), (5.80), (5:84]), and (5.87), we obtain (G.80). O

5.7. Full regularity of w. Multiply Equation (EII)(i) by e ** to see that w), satisfies

ow, o 82wp ow,

ot 9 2 t) O + Va(z, 1) Qp(t) — (r — plwp = fp.

In this section we will derive an estimate on w, , in classical Holder spaces. In particular, let us

define Z,(T) to be the set of all w € C>T*H/2(D x [0, T]) such that 1) E;_w € C¥ral+a/2(D x [0, T))
x

as well. (As usual, when T' = oo we replace [0, 7] with [0,00).) It is a Banach space with norm

ow
||w||za = ||w||c2+a,1+a/2(5x[o,T]) + || N

(5.88) +Vi(x,

C2ta1+a/2(Dx[0,T))

Theorem 5.25. Let (w, ) be a solution of (LI, with Vi,...,Vs satisfying either (3] or (52).
Then there is a constant C (r, 0, «), not depending on T, such that

(5.59) full, < C0,0) (ol 3 + N (D + M)
where
ofy

(590) N(f) = fr/2 a2 —|-H¢ gx/2 + </ fr/2 H )

Conas2
and

T ) 1/2
(5.91) N*(v) ::‘ <1/r/2, 1> oo, + (/0 l/r/2(s)H_2 ds) +02171£T VT/Q(T)H_2.

45



Proof. Step 1: We will first apply the maximum principle to find a bound on w, /5. Let

T
m%n:uM@w—li@%%@A@Mﬂﬂ@ﬁ%)“

and differentiate to see that

By the maximum principle, using the fact that w(0,t) < 0 for all ¢ and w(x,T) = 0 for all z, we
have

T
w(z,t) <0 = w(xr,t) < /t <HV2H0|QT(S)‘ ""Hfr("s)Ho> ds.

/2 and use the Cauchy-Schwartz inequality to get

wyo(x,t) < /tTe%(t_s) <HV2H0‘QT/2(S)‘ * fr/2("s)H0> as

1/2
ST‘”2<KTQWNJQNA$(+!ﬁpﬁﬁﬂ%>ak>
1/2 1/2
sC@»(ATﬁamwﬂﬂu> +CU)<quﬁﬂw$H?h> .

Applying Corollary BI8|E.9] we see that
wr/2($7t) < CJ2(T)1/2'

Multiply by e

By the same argument applied that —w, we deduce

(5.92) ‘@ﬁﬁogchwyﬂ

Step 2: If we apply Lemma [B.20 to (5:88) with p = /2, we obtain an estimate

) r? 07 o
Cco,a/2

Ofrj2 OV,
fry2 = V2Qr/2HCG,a/2 + ¥ ( 2 8—3:2 Qr/2>
co,a/2

A%

(5.93) ( -

m@bscommwm

X

ox

The Holder norms of Vi, Va, % and % are already estimated by the estimates (£.I8)) from Theorem
416l Moreover, f,/; is given. Using Equation (5.80) from Corollary [5.24]in (5.93]), we obtain

8f7‘/2
ox

8wr/2
ox

+ Jo(r/2) +

59 [un
Ccoa/2

<C(ro0,0)

fr/2

Za Cosa/2

s

Ccoa/2
By using the interpolation inequality

(9wr/2
ox

< 5er/2
Cca,a/2

Crrattar2Dx(0q]) | C(e)Hw"/QHO
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and applying (5:92), using the fact that Jy(r/2)Y/? < Jy(r/2), estimate (5.94) yields

afr/2

oz + Ja(r/2)

coa/2

fr/2

< C(ryo,a) ‘

-

(5.95) er/z‘ 7 I

We now return to the definition of .Jo, Equation (5.81)), which can be written

Jo(r/2) = 2 +|[{ /2,1 T osup vy
2( /) ”'UOH///a/zz ‘< /2 > ce/2([0,17]) OSTET /2(7—)H_2
9 1/2 P 2/3
Wy Wy
+ Do(r/2)? 4| 2 0 J2<7“/2>”4+'a—x/2 0 Jo(r/2)"°.

. Ow,./a
Now since H o

we apply Young’s inequality to (5.8T])

j2(7’/2) < ”NOHA///;/Z; "‘H<V7 1>Hca/2([07T}) + OggngHVp(T)H_g

1/2
+ C(E)JQ(T/Q) + EHMT/2 C2t+a,1+a/2(Dx[0,T))

Applying (5:8T) to (5.95]), we derive, using the definition of J5 in (5.55),
1/2 1/2 *
590 o], < C.020) (Iuoll o + ol + [0 ol + 870 + N ().

where N(f) and N*(v) are defined in (590) and (G31), respectively. Using the fact that ||w(-, O)H2
is dominated by [[w||;_, we apply Young’s inequality to (£.96]) and rearrange to deduce (£.89). [

5.8. An existence theorem for the linearized system. Before formulating the main result of
this section, let us collect assumptions on r and € so that all of the a priori estimates of this section
hold. We will formulate two alternatives, one for a linear demand schedule, and one for a more
general case where € must be small.

Assumption 5.26 (r big, € small). Let r* be a number large enough to satisfy Assumption [5.12,

Equation (59) for n =2, and
2 *
2“EH(07070)<P(0) Yr >t

Let €* > 0 be small enough to satisfy (L.54]) and

[ 2 P~
M =2 ﬁpHQO<P¢Qy

We assume that r > r* and 0 < € < €*.

We remark that Assumption .26l implies Assumption I8 see Remark [£.19

An alternative assumption is as follows.

Assumption 5.27 (r big, P linear). We assume that P(q) =1 —q and that 0 < e < 2. Let r* be a
number large enough to satisfy Assumption[5.12, Equation (5.9) for n =2, and

[ 2 € «
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We assume that r > r*.
Theorem 5.28. Let T > 0 be a fized time horizon. Suppose that Assumption [5.28 or [Z.27 holds.
Then System ([B.1)) has a unique solution (w, p) satisfying w(xz,T) = 0 with reqularity

® Wy/2 € ZO!(T);

L /LT’/2 € Ca/2 ([OvT]aerk-‘f-oc) n.L> ((0 T) X2) Z (T)
There exists a constant C(r,o,a), not depending on T, such that
. 1/2

(U

Zao 0

Owns |l + (

2
o ('7t)
2

(5:97) w2 fir 2 N*(p)

co/2([0,T):Y5 o)

< C(r0va) (Ihall g + N+ N°0) ).

where N(f) and N*(v) are defined in (5.90) and (B91)), respectively.

Proof. First we assume the data are smooth. Then existence of solutions follows from the Leray-
Schauder fixed point theorem, along the same lines as in the proof of Theorem The a priori
estimates (5.97)) follow from Lemmas and (Equations (5.89) and (5.63])). A similar argu-
ment is also found in [4, Lemma 3.3.1]. To see that the solution is unique, note that the system is
linear, so the a priori bounds also imply uniqueness. ]

Theorem 5.29. Suppose that Assumption or [.27 holds. Then System (B has a unique
solution (w, ) satisfying

® Wr/2 S Za(oo);

® 2 € C2([0,00); Y5 o) NL® ((0,00); X3) =t Za(o0),

8wr/2

. anmer/z(.,t)Hz = limgoe | —22 (L 1)]| =0,
2

The estimate [L97) holds with T = oco.

Proof. For each T > 0, let (w7 ,uT) be the solution to the finite time horizon problem on [0, 7] given
by Theorem 528 We extend (w’, u7) in time such that w? (z,t) = 0 for all ¢ > T and such that the
a priori estimate (5.97) implies that (w? (T T,/2) is bounded in (Z,(00), Z4(c0)). Then by standard

compactness arguments there exists a subsequence 7}, — co such that (wf/"z, u;p?z) converges to some

(wy /2, pirj2) in Zg(00) X chr? ([0,T); Yy, for B < a. Moreover, (w, p) satisfies (597) with T’ = co.

Passing to the limit in the system satisfied by (w™,u’"), we deduce that (w, ) satisfies System

8’[1)7, 2
2 (1)

(EI0). It follows that (w, u) is a solution. To see that limy erp(-, t) H2 = limy_y00 5z

Tn
8wr’/2 _ 8wr’/2
ox ox
in C ([ ,00) ; 2). Then the fact that w’=(z,¢) = 0 for all ¢ > T}, implies the desired limit. Finally,
the a priori bounds together with the linearity of the system imply uniqueness. O
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6. THE SOLUTION TO THE MASTER EQUATION

For each my, define U(mg,x) = u(z,0) where (u,m) is the solution of (L)) given initial condition
mg. We refer to U(mg,z) as the master field. We will prove that it satisfies the master equation
([C3). All the hypotheses of Theorem .16l plus Assumption 526 or [5.27] are in force.

6.1. Continuity and differentiability of the master field. In this subsection we show that
U(mg,x) is Lipschitz continuous and differentiable with respect to the measure variable mg. To do
this, we appeal to the estimates found in Section

Theorem 6.1. There exists a constant C such that

|U(mo,-) = Ulmo, )y, ..

< CHﬁlQ — mo”///;fz Ymg, mg € %07/22

Proof. We may assume that mg,mg € .#,/p; then by density of this set in ///(;/22, we deduce
the result. We have U(mg,z) = u(z,0) and U(mg,z) = u(z,0), where (u,m) is the solution of
(£Z1) given initial condition mg and (@,m) is the solution of (LG given initial condition mg. Let
(w,u) = (@ — u,m —m). Then (w,pu) solves the linearized system (GI)) with f = 0, v = 0, and
Vi,..., Vs defined in (52). Observe that

HU(ﬁ”Lo, ) - U(m()a ')HY3+Q = |’w('7O)Hy3+a < ”wHZQ :
We conclude by appealing to Theorem O

Before proving that U is differentiable with respect to m, we provide a candidate for the derivative
in the following lemma.

Lemma 6.2. Let f =0 and v = 0. There exists a map K(mo,x,y) such that K is thrice differen-
tiable with respect to x and twice differentiable with respect to vy, such that

'K —a—/{
(61) a—yg(m07’7y) < C'max {’y‘ 71}7
Yaia
and such that if (w, p) is the solution of System (B.1l), then
(62) w(m,O) = <K(m07$7 ')HuO>-

Moreover, K and its derivatives in (z,y) are continuous with respect to the topology on M4 (D) x
D x D.

Proof. The proof is very similar to that of [4 Corollary 3.4.2]: for £ =0,1,2 and y > 0 let the pair
(wO (-, y), u®(-,-,y)) be the solution of (TI) with f = 0, = 0, Vi,..., Vs given by (G3) and
initial condition pg = Dééy, where d, is the Dirac delta mass concentrated at y and Dé5y is its fth
derivative in the sense of distributions. Then set K (mg,z,y) = w(®(z,0,y). Notice that by the
density of empirical measures, (62]) follows for any solution (w, u) of System (5.1I). Moreover, one
can check by induction that
Y4
S (mo..) = () w0 (z,0,p).

To prove (6.1]), we use the estimates (5.97)) from Theorem [5.29, which imply in particular that
|0 ®C.0,9)]

Y3+a
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It remains only to estimate ngy in //41_/22 First, we see that

<¢7 Dz5y> = ji;; (y) <l|¢l, max {‘y’_evl} Voe Xy = HDZ%H_Q < max {\y]_e,l}.

Next, we plug p = D', into (B.72) to get

[e’s) Y4 Y4
(6.3) n"[D"6,)(t) :/0 <(—1)”1 %(w —y,t)+ gSg(ery, )) do = -25 =1 4:1),

where we define
y,t / S(z,t)d

Taking the derivative with respect to ¢ in ([6.3), we get

d ' 28£+1S
a” n"[D',)(t) = —o W(y,t)-

Let p > 1. Applying Lemma we estimate

/ d h[Dfa](t)pdt<C(a) /oot—ﬂ“?)ﬁpg W1 o d - v g
0 dt B 0 1 Vi 202t )

Here Py, is a polynomial of degree ¢+ 1. Using the substitution s = 27 we obtain

(/Owjt D', 1)

1/p % s 5 1/p
dt> < C(o, p)y —(t+2) (/ 572 2P 1 (s?)Pexp {_ﬁ} ds) ,
0

where the integral on the right-hand side converges; hence

( JAEEERACl

By Hoélder’s inequality,
[ (D8,)(11) = " [D"8,)(t2)| < Clop)y™# [t — ta]

1/p )
dt) <Clopy ¥ ", pi=p/p—1).

Cf. the proof of Lemma B4l Choosing p = % we now deduce

hi e —a—t
Do <C .
HT} [ y] Ca/2([0,oo)) = (07 Oé)y
Therefore,
HDédyH _, <C(o,a)max {]y\_o‘_é , 1} ,
from which we deduce ([G.I]). The remaining details are the same as in [4, Corollary 3.4.2]. O

Lemma 6.3. Let (u,m) and (4,m) be the solutions of (LO) with initial conditions mqy and 1y,
respectively. Let (w, ) be the solution of (B1l) with initial condition 1hg — mqg. Then

As a corollary, U(mg, ) is differentiable with respect to mq with

oU
(65) %(m07x7y) = K(m07‘ray)7
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where K is defined in Lemma G4 Moreover, (6.4) reads

oU

06 [Vl = Ul = [ 5L mo,z.) o o))

< Ollhg — moll? -2 .
Y3+a_ o 0||//[a/22

Proof. Let f and v be defined by (5.4). We follow the same steps as in [4, Chapter 3| to find an

estimate

N(f)+ N*(v) < Clliitg —mol%y—2 -

By Theorem [5.29] this proves (6.4]). Combined with Lemma [6.2] we deduce (€3] and (6.6]). O
6.2. The master field satisfies the master equation. In this subsection we prove Theorem L5l

Theorem 6.4. Suppose that Assumption [Z.28 or [.27 holds. For all mq € M**®, 2 € D, System
(C3)-(@4) is satisfied. Moreover, U is the unique continuously differentiable function satisfying

ot U

(67) a—yg %(m()fay)

< C'max {!y\_a_é : 1} :

Yaia

such that System (L3)-(L4) holds for all mg € M**, x € D.

Proof. Let (u,m) be the solution to the mean field game system with initial condition mg € M2+,
Set mg := sm(t) + (1 — s)mg for 0 < s < 1. Then for any ¢ > 0 we have

(6.8) wu(x,t) —u(x,0) =U(m(t),z) — U(mg,x / / (ms,z,y) d(m(t) —mo) (y) ds

/ / / < 22 aa; gU (ms,z,y) + %—Ij <€7Q*(7—)7 % (%T)) aay gU(ms,:E y)) dm(7)(y) drds,

using the Fokker-Planck equation satisfied by m. To see that the last integral converges, first note
that (6.7) holds by Lemmas[B.2land 6.3l Then we note that by the assumption mg € M2 together
with Lemma B.8]

/D (1 + a:_(2+°‘)) m(dz,t) < CeCt/D (1 + x_(2+°‘)> mo(dx).

Combining this with (61), we deduce that (€8] holds. Now divide by ¢ and let ¢ — 0 to get
du o? 9% oU 0OH vy Ou 0 oU

0
By substituting for gu (z,0) using Equation (LG)(i), we get

ot

o2 9%

-G g 0 = H (@), 5 0)) + ru(e.0)

_/ < 2 ayQ Sm (mo,:lt y) + % <€,Q (0)’ % (y,0)> @ %(mo,az,y)) dmo(y),

which becomes Equation (I3]) after defining Q* = Q*(0). Equation (L)) follows from (L)) (iii).
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To see that U is unique, we follow the same argument as in [4]. By using the Leray-Schauder fixed
point theorem and the estimates we have established, it is straightforward to show the existence of
a solution to the Fokker-Planck equation

om o0?>0*m 0 (0H N oUu
E - 7@"‘% % <67Q (m(t)%%(m(t)?x)) _07

where Q*(m) is defined using (L4). Set u(z,t) = U(m(t),x). Using condition (6.7) together with
Lemma 3.8 as above, we can differentiate u with respect to time. Then using the fact that (L3))
holds, we deduce that (u,m) is the solution of (L], which is unique. It follows that U(m,z) is
uniquely determined. O
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APPENDIX A. PROOFS OF RESULTS FROM SECTION

Proof of Lemmal31. Uniqueness: Let us start by observing that uniqueness of weak solutions holds.
This follows from a proof by duality, cf. [23] Proposition B.1] and [34, Corollary 3.5|, which also
provide the basic estimate (B.3]).

Existence: We thus turn our attention to existence and estimates. By linearity we can assume that
mo(D) = 1, i.e. mg is a probability measure, without loss of generality.

Assume for now that b is infinitely smooth and bounded, and that mg € Pi(D) is in fact a smooth
density such that mg € C°(D). Then classical theory [29, Theorems IV.5.2, IV.9.1] implies that
(B has a smooth solution m whose derivatives are also in LP for arbitrarily large p. We have the
following probabilistic interpretation: for any continuous function on D satisfying

¢(x)| < O (1+]z]),

we have

(A1) /000 o(x)m(z,t)dz = E [¢(X)1i<r]

where X is the diffusion process given by

(A.2) dXy = —b(Xy, t) dt + o dWy, Xo ~ mo,

Wy is a standard Brownian motion with respect to a filtered probability space (2, P, F;), and

7:=min {inf{t >0: X; <0},T}.

In particular the complementary mass function 7j(¢) can be written

() = P(t < 7).
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The continuity of this function follows from probabilistic arguments, which can be found in [25] and
[23].

It remains to establish (B4). Fix t1,ty € [0,T] with ¢; < to. Pick any ¢ : D — R that is a-Hélder
continuous (or Lipschitz, in the case o = 1) such that ¢(0) = 0 and [¢]ce < 1. Let X; be a solution

to (IEI) Then by (A) we have

x tl) (a; tg )

‘E [ th Ty <r — ¢(Xt2)1t2<‘f]

|:|Xt1 ]]-tl <7<to + |Xt1 th |a ]]-tz <7‘]

|: b Xt, dt -+ O'(W th) 1t1<7—§t2

«

+E ||— b(Xt, )dt+0(Wt2 —th)

t1

ﬂt2<T

<E ﬂ\ngo\T - tl‘a ]lt1<7'§t2] +0%E UW‘F - Wt1 ‘a ]lt1<‘r§t2}
Bl 2 = 11| + 0°F | Wiy — W |°]
< 2/b)|% e — 1] + 20% [tg — 1|2

Taking t; =t and to = 0, we get

+ 2/|b|| %t 4 204/

m(z,t)dx| <

- ¢(x)mp(x) dz
0

o
§/ 2%mo(z) dz + 2||b||% t* + 202,
0

Finally, to get existence for general data, let b, be a sequence of smooth functions converging
uniformly to b and let mg , be a sequence of measures with smooth densities converging to mg in
M 4. Letting m,, be the solution corresponding to b,,mg , we have that m,, is uniformly Holder
continuous in the Lip,(D)* metric, hence by Arzela-Ascoli we have a subsequence converging to m
in C°([0,T]; M1_4). We deduce that m is a weak solution, i.e. it satisfies (3.2)). O

Proof of Lemmal3.3 For each n € N define

(A3) (b(x):{naa: if0<az<nt,

= ifx>nt

Set o (x) = ¢n(z), and inductively define

By induction we have that

(A.4)




Since ¢,, is a bounded, continuous function, we have
/ On(z)m(de, t) = / qﬁn(az)/ (S(x —y,t)— Sz + y,t)) mo(dy) dz
D D D
_ / / bn(@) (S@ — ,t) — S(z +y,1)) d mo(dy)
D JD

using Fubini’s Theorem. Our goal now is to prove that

(A.5)

(A6) /D 6u(@) (S(z — y,t) — Sz +,8) dz < Cla)y™ ¥y > 0.

By plugging (A.6]) into (A.H) and then applying the Monotone Convergence Theorem, ([B10) follows.
To prove ([AG), start by noting

(A7)
/ on(z) (S(z =y, t) — S(x+y,t)) da < / On(2)S(x —y,t)dz
D 0

y/2 00
=/ on(@)S(x —y,t)da + (y/2)"° //2 on(x)S(z —y,t)da
y
y/2
< On(x)S(x —y,t)de + 2%y,
0
using the fact that S(-,t) is a probability density. Now for any j > « — 1, integrate by parts j times
to get

y/2
(A.8) ; On(x)S(x —y,t)da

[y

<.

o i R
= SR T2 (w2 + () [ 8@ 5 @ -t e

x) ——
v " oxJ

Il
=)

7

Applying (A.4)) and Lemma .6 to Equation (A.8)), we obtain

v/2 it . v/2 ,
on(@)S(z —y,t)dz < C(j, a) Zy“’l_ay_(zﬂ) + / 27 — y| U a4z
(A.9) 0 pat 0
< C(j,a)y .
Take j = |a] and combine ([A9) with (A7) to obtain ([A.G), which completes the proof. O

Proof of 7L First, note that |n(t)| <||mollzy <|mol 4, for all ¢ > 0, using Lemma BIl Thus, it
suffices to prove estimates of the Holder constant for 7. We will assume the data are sufficiently
regular so that the solution is smooth. The claim then follows from a density argument.

We have, by Duhamel’s principle,
mie.t) = [ (8(e = .t) = S(o +2.0) ma(s) dy

+/0/0 (S(:L'—y,t—s)—S(x—l—y,t—s))(bm)y(y,s)dyds,
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which becomes

(A.10) m(z,t) = /000 (S(z —y,t) — S(x +y,t)) mo(y) dy

-ﬂ[[f<%§@—%t—$+%§@+yi—@>W@@ﬁﬂ%ﬁ

using integration by parts. Integrating in x and using Fubini’s Theorem, we get

n(t) = n"[mol(t) + na(t),
where 1"[mg](t) is defined in (B.8) and

L (o8 98
_/0 /0 /0 <a—x(x—y7t—s)+a—x(x+y,t—s)> (bm)(y, s) dx dyds
t oo
- —2/ / S(y.t — 5)(bm) (y, ) dy ds.
0 JO
By definition of the norm in .#,,

(A11) | ma <ol -

ce([0,T7)

It remains to derive Holder estimates for ne. Let to > t1 > 0. Then ny(te) — n2(t1) = =2 (I + I2)

where

L = /t ’ /00 S(y,ta — s)b(y, s)m(dy, s) ds,
I, = / 1 / S(y,ta — s) — S(y, t1 — s)) b(y, s)m(dy, s) ds.

In the first place, we have

[2)
L] < (2027T)_1/2||b||oo/ (ta — 8)7 /% ds = 2(20°7) "2 |b]| , (t2 — £2)"/2.

t1

In the second place, we write

I, = /t1 / /;2 05 s)dr b(y, s)m(dy, s) ds.

9S8  o? 0?8
i —_— = 3.0 i i

Since 5 5 g2’ Lemma implies
t1 to

(A.12) | < C’(J)HbHOO/ / (r— )32 dr ds.
0 t1

By Fubini’s Theorem,

11 to
(A.13) / / )73/2 des—2/ ((T—tl)_l/2—7_1/2) dr < 4(ty — t1)Y/2.
t t1
Combining (AJ2) and (AI3]), we get
(A14) [m2(tr) = ma(t2)] < C(O) 6]l oltr — 1.

Equation ([3I2) follows from combining (A.I1]) and (A.14).
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Proof of Lemma 38 We start from Equation (A.I0) and multiply by ¢,(x), which is defined in
(A.3). Then integrate and use Lemma B.5 to get

(A.15) /¢n m(da, ) < Cla )/|:17|_ mo(dz)

. /// bl (— —y,t—s>+g—j<x+y,t_s>>dx

Let j = |«]. Integrating by parts j times as in the proof of Lemma B.I] we get

m(dy, s) ds.

y/2 J i
6u@) 9o (.t~ s)dw = SO (-1) @ (y2) O3

0 i=1
vz 9itlg
+(_1)J/0 ) (2 )6J+1 (x £y,t —s)dx.

(y/Qiy,t—S)

Using Lemma and Equation (A4]), we deduce

J

Z i)y Ty o (- s)

y/2 a8

(A16) | [ 6u(e) 5> (w4t

0

y/2 )
+Ca) / P~z 4y o (¢ — 5"V da
0

For 0 < x < y/2 we have |z £ y| > y/2, and thus (A.16) yields

y/2

(A.17) 60(2) 2,1 — ) da| < O @)yl (¢ — 5) 2

0

On the other hand, using Lemma it follows that fooo 1/ 2“3—5(3:, t)‘ dx < C for all ¢, and thus

() 22 <l (t—5) V2.

y/2 Oz
Combining (AI7) and (A.18) into (A1), then letting n — oo, we derive

(A.19) /|x|_a m(dz,t) < C(« /|:1:| “mo(dz)+C(a, 0)|b|| / /|y|—a (dy, s)(t S)—1/2d8'

For A > 0 let
_’\t/ |z| " m(dz, t).
Multiply (ATI9) by e~ to derive
70 < C@RO) + e ollbl, [ €= 9215
C(@) fr(0) + Cla, 0)[[b o A1/ sup f(7)

(A.18) (x £y, t —s)dx

(A.20)

where by a change of variables we have computed

t At 1 [e%)
/ e Mt=s) (t— 8)_1/2 ds = )\_1/2/ e S5 H2qs < \7/2 </ s~124s + / e * ds> < 3NTY2,
0 0 0 1
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(As usual, the value of C'(a, o) might have changed from line to line.) Let A = (20(0(,0)Hb||oo)2.
Take the supremum in (A.20) to deduce

(A.21) sup fx(t) < C(a)fA(0) + %SUP Ia(t) = sup fx(t) < 2C(a) f2(0).
>0 >0 >0
Equation (A.21)) implies (B13)), as desired. O

APPENDIX B. PROOFS OF RESULTS FROM SECTION []

B.1. Proofs of Results from Section 4.1l We will actually show that all of the results of this
section hold on a larger domain. Set ps := limg o P(q). Note that p,, < 0 because there exists a
finite saturation point (Assumption [[T]). Recall that the profit function 7 is defined as

_ if
n(e,q,Q,a) = {g (P(EQ ) a) ;f Z i 87

In the following the domain of 7 is defined to be [0, 00)% X (pog, 00). Thus the domain of H (¢, Q, a) :=
sup,>o (e, q,Q, a) is [0, 00)2 X (Poo, 00). All the statements about the regularity of H hold on this
larger domain. This remark will be useful in Lemma [B.1] below.

Proof of Lemmal[{.1l We first compute

3—2 (6,0,@sa) = aP(eQ +q) + P(eQ +q) —a
and
2
g 5 (6:0.Q,a) = qP"(cQ +q) + 2P (eQ +q) = — ( % - 2> P'(eQ +q).

By Assumption we deduce
0*m
Erd (&,

i.e. 7 is strictly concave with respect to ¢. On the other hand, since P’ < 0 we also have

€ q7Q7 )S—(ﬁ—2)P/(EQ—|—Q)<0,

hmsupa (6,9,Q,a) < lim P(eQ +q) —a = poo —a < 0.
q—00 a q—0

Thus if (3_71 (6,0,Q,a) = P(eQ)—a > 0 there must exist a unique ¢* > 0 such that g—ﬂ (6,4%,Q,a) =
q q

0, and hence ¢* maximizes 7(e, -, @, a). We also compute

O’ — eqP" P
9Q0q = (6,¢,Q,a) = eqP"(eQ + q) + ¢P'(eQ + q)
— (qi" O 1) Pleq-+a)
2
;g (6,¢,Q,a) = —1,
82

9o (€1 Q) = QaP'(€Q +9) + QP(cQ +4)

=-Q @% - 1> P'(eQ +q)
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By the implicit function theorem, we deduce that ¢* is differentiable function of (e,@,a) in the
region where P(eQ) > a, with

oq* aQaq(€ 7, Q,a) . (1_ (2_ q*p(eQ—Fq*))_l)’

Q" Tileq.Q.a) Q+q
o 1
"y o B
o0 Mq@q Qo) _ 1_<2_q*p<e@+q*>>—1
66 aq2 (67 q*7 Q7 CL) EQ + q*

Note that (&I follows from (B.)).

In this region we also compute

(B.2) %—H = %q* (P(eQ+q") —a) +¢"P'(eQ+ ¢ < > Q¢ P'(eQ+q").
€ €
0 oq*
B3 5o = g0 (PEQd) )+ PeQ ) (4 55 ) = Pl o),
and
0 oq* oq*
(B.4) 8—5 = % (P(eQ +4q") — a) +q* (P/(EQ +4q") 6(2 - 1) = —q*.

On the other hand, if P(e@) < a it follows that the unique maximizer is ¢* = 0. Because P is
continuous and monotone decreasing, the interior of this region is the set where P(eQ)) < a, while
its boundary is where P(e@) = a. It remains to show that as (e, @, a) approaches this boundary

set, the derivative of ¢* remains bounded. By (B.I) it is enough to show that 2277{(6, 7" (Q,a),Q,a)
remains bounded away from zero. For this we observe that as (e, @, a) approaches the set where
P(eQ) = a, ¢*(¢,Q,a) — 0 and thus gQT’;(e, q*,Q,a) — 2P'(eQ), which is bounded away from zero
for bounded values of Q). O

Proof of Corollary[J-3 For (¢,Q,a) € [0,€] x [0,Q] x [0,a] we have that a < a < P(eQ) < P(eQ),
since P is decreasing. By by differentiating (B.2)), (B.3)), and (B.4)) in the proof of Lemma [Z1], and
using (B, we see that H is n times continuously differentiable in this region. These derivatives
are Lipschitz on this domain because P™ is locally Lipschitz by Assumption [[1l In particular,

0’H 8 *
W(Evaa)_ ( Q7 )

The claim follows from compactness of the region. O

Proof of Corollary[-3 From Equation (B.3)) and the first-order condition for optimality, using the
fact that P’ < 0, we have

\g—g — " P(Q+ ¢) = ((P(eQ + ¢°) — a),

from which the first estimate in ([£3)) follows. The second estimate follows from ([I) and (B.3). O
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Proof of Lemma[f4 Let f(Q) = Q — [ q"(e,Q,¢(x))dm(x). We claim that f(Q*) = 0 for a
be

unique @Q* > 0. Note that f(0) < 0 because ¢* > By Lemma 1] and Assumption [[L2 we have

oq* - 24+ e—(1+€)p
Q) =1- ,Q,¢(x))dm(z 21—6 _/dm:nz — >0
@=1- [ St o) @) 2 1~ £ [ ame) > 22 2C
if p > 1; otherwise we get simply f'(Q) > 1. The claim follows, and we deduce ([E4]). To derive
estimate (1)), we use the lower bound on f’ to deduce

(B.5) Q" < e(p.e) (F(@) — F(0) = e(p.e) /D ¢(,0, 6(x)) dm(x).

Now because 7(e,q,0,a) = 7(0,q,0,a) for all €, a, it follows that ¢*(e,0,¢p(x)) = ¢*(0,0, p(x)).
Then, since ¢* is decreasing in the last variable and [, dm(z) < 1, we use (B) to deduce (3.

We now prove ([4.6]). Without loss of generality we will assume Q7 > Q3. First, observe that

B6 Q- @ <cpo ( [a@saeame - [ q*(627Q§7¢2($))dm2($)>-

To see this, note that (4.1)) implies
Q1 — @5 :/ q"(e1,Q7, ¢1(x)) dmy(z) —/ q" (€2, @3, p2(x)) dma(z)
D D
2@i - @) [ dm@)+ [ g, @sor@)dm@) - [ (e @sa(w) dmafa)

Then one obtams ([B.6) by rearranging and using the fact that [, dmi(z) < 1and ¢(p, €) is increasing
in e. Next, appealing to (£5) and the fact that ¢* is locally Lipschitz, recalling once more that

Jpdmi(z) <1, (BE) becomes
Q- Q3<C (rq ~al+ [[[o(0) - alo) dm1<x>) +0 [ 4760, @3, 6ala) domn — ma)(a)

(62,05, 62(0) 2 (2)

< —61

dg*
< O e — el +é1 — dall) + Csup| - di (my, my)

(2 Q3 62(0)) /D dmy — ma)(z),

which implies (Z.0). O
Proof of Corollary[4.6 We use Lemma [.1] to get

(B.7) 7'(6.Q" @) < 4(€.0.0) + F—Q"

We recall that ¢*(e,0,0) = ¢*(0,0,0). To derive [T, it suffices to plug (@A) into (B7) and use
the definition of ¢(p, €). O

B.2. Proofs of Results from Section [4.3l

Proof of Lemma[{.10. First let v = e "'u. Then v satisfies

ov o2 0% ot ov
—+——+e¢"H *(t),e" =) =0, z€D, t >0.
o 5 e e (c0.Q° 0. 52 ) =0, 2 e D,
Using the fact that H > 0 and v(0,¢) = 0, the maximum principle (see [36, Proposition 2.1]) implies
(B.8) min  v(z,t) = minv(z,T) = e "I minu(z,T) =0 =v>0=u>0.
zeD,0<t<T xz€D €D
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It also follows that w(0,¢) = minu and so uz(0,t) > 0.

We now use the fact that H is decreasing in all variables to deduce

wipy ot OV
0 §H<e(t),Q (t)’eta_x> < H(0,0,0)

and thus

ov o2 0%
—— - — — < e "H(0,0,0).
ot 2oz =¢ H(0.00)

Set v(z,t) = v(z,t) — ftT e " H(0,0,0)ds = v(z,t) + 2H(0,0,0) <e_rT - e_rt). It follows that

T
ot 2 0x2 —
and thus
max o(z,t) = max 9(z,t) < e
zeD,0<t<T t=T or =0

since ¥(z,T) = e "Tup(z) < cre™ and 4(0,¢) = 2H(0,0,0) <e_rT — e‘”) < 0. Together with
([B.8) we deduce that

1 1
(B.9) 0 <w(zx,t) < <;H(0,0,0) + cl> e = 0<u(xt) < ;H(0,0,0) +ci.

To get an estimate on u,, we now use a Bernstein type argument, cf. [29, Section VI.3]. Notice that
- — — — — < H(0,0,0).
x

Set @(x,t) = u(w,t) + Mye™, where My > 0 and A > 0 are defined below in (B.I2) and (B.I4).
The constants M) and A have to be chosen so that, for all ¢ < T and all z € [0, /] for £ > 0 to be
specified later, we have

2
H(0,0,0) — %VMAe—M <0,
(B.10) cz < Myre ™,
1
;H(O, 0,0) + ¢1 + Mye ™ < M,.

Then one can check that
u o 9%
—g—t -5 % <0in (0,¢) x (0,T),

w(x,T) < M, for all z € [0,/] (using the fact that maxu/. < ¢3), a(¢,t) < M), (using (B.9)), and
u(0,t) = M. By the maximum principle, it follows that a(x,t) < M) for all x € [0,¢],t € [0,T].
This means @(0,t) = maxo<,<¢ @(x,t), which implies @,(0,t) < 0 and thus u,(0,¢) < MyA. Finally,
we can take the derivative of Equation (€9]) to see that the maximum principle applies to u,, and
thus

B.11 t) = t) < M\ .
( ) xe’Dn,loag}igTux(x’ ) t:Tr%?)iczoux(x’ ) < max {M\, cs}

To satisfy (B.I0), we choose

B.12 M)y, = 2 H(0,0,00eM, B 1 L 100.0.0

(' ) A = max m (77)6 7Xe 71_76_)\5 ; (77)+Cl .
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If we set J = max {;TH(Ov 0,0), 073}, then (B.12) becomes

1 1
_ pY
(Bl?)) M)\ —maX{Je ,1_76_)\( <;H(0,0,0) +Cl>}.

To minimize the value of M)\, we first choose the constant ¢ so as to minimize the maximum
appearing in (B.13); it suffices to choose it so that the two maximands are equal, because the first
is increasing in ¢ while the second is decreasing. This is achieved by setting

1 1 (4] A 1
l )\n< +rJ (0’0’0)+J>:>M)‘ Je J+T (0,0,0) + 1

We therefore have

2 A
My\ = max {—)\H(O, 0,0),63} + ;H(0,0, 0) + Acq.

2
o
The minimum possible value of the right-hand side is attained by setting
2rH(0,0,0 2
A = min ! ( L ) )
oy/H(0,0,0) +rc; o%cs
and its minimum value is given by M)\ = M where M is defined in ([@IT]).

Put together (B.9), and (B.II)) to get (EI0). O

(B.14) H(0=070)} :

B.3. Proof of Result from Section 4.4l

Proof of Lemma[{.11 Estimate ([£I2) follows from Lemmas {4 {1l L10, and Bl Note that a
direct application of Lemma 4] would put the constant c¢(p,€(t)) in place of ¢(p, €(0)); however,
¢(p, €) defined in (1) is an increasing function of €, and since Assumption F7 implies €(t) < €(0),
we have replaced ¢(p, €(t)) with ¢(p, €(0)) to get an upper bound that is uniform in time.

Now we turn to estimate ([I3)). By Lemma 4] there exists a constant C' = C(¢(0), p, M) such
that

\Qwo—@ﬁmgchm—dwﬂﬂggmm—ggmm )
2U
+0‘%; da(m(t).m(t2)) +| [ dm(tr) = m(t2)(a)

Now suppose mqg € .#,. Appealing to Lemma B.1] and also Assumption 7] we have

9 .
Q" (1) — Q" (t2)] §C<|t1—t2|+'|a—u |ty — to /2>
Xz Ccoa/2
O (|25 bl + o)t — 672 4 CCo) (Imoll g, +1bllc )2 — 1]
8:1;2 o0 %a/Z oo

for any [t —to| < 1. Here b = 22 (e, Q*, g—;‘). By Lemmas ET] and 10 together with (ZI12]),

we deduce there exists C' = C(p, €(0), M) such that ||b||,, < C. We deduce that there exists C' =
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C(p,e(0), M, U,HmoHﬁa/z) such that

ou 0*u
() — Q' ()| < C ||| 5= — L)t — ]2, [t —ta] <1
Q% (t) — Q*(12)] < ‘(%zca,a/z Tul 1) —nr?, n-nl<1,
and since Q* is bounded according to (£12]), Equation (£I3) follows. O

B.4. Proofs of Results from Section

Proof of Lemma[].13 We begin by taking uy = 0. First we let g(z,t) = " f(x,t) and consider
v o2 9%
ot 2 0x?
By [29, Theorem IV.6.1], (B-I5) is uniquely solvable in C2+®1+2/2(D x [0,T]) for arbitrary T > 0.
Also, by the maximum principle, we have

(B.15) =g, Ve €D,t > 0;v(0,t) =0Vt >0; v(x,0) =0VzeD.

1 _
lo(z,t)] < ;e”HfHCO,O Vax € Dt € [0,00).

To see this, first let o(z,t) = v(z, ) — £—1 || fllco.o and observe that

T

ot o2 9%
- — <0, 9(0,t) <0, 9(z,0) <0.
5 283;2_,71(,)_,71(%)_

By the maximum principle, © < 0, which implies v(z,t) <
similarly proved.

Now we let u(z,t) = e "v(z,t). Then u satisfies ([EI4]) and
1
(B.16) ||U||c0,0(5x[o7oo)) < ;Hf”co,o :

Moreover, appealing again to [29, Theorem IV.6.1], we have an estimate

(B.17) l%l + [%} o < C(o) ([f]w/g +r [u]a,a/z) :

Lem!|| flloo. The opposite inequality is

where C'(0) does not depend on T'. By interpolation, see [29, Lemma I1.3.2|, we can find a constant
C(a) such that for arbitrary § > 0 we have

o 0%u ou
(B-18) [Wlaaj2 < C(@) | 0 ulleoop) +0° [W] +[8_] 2
a,a)2 o

Combining (B-16), (B-17), and (BIS) with 6 a sufficiently small multiple of »~/2, we deduce that
([#I6) holds for ug = 0.

Now suppose f = 0 and let ug € C?>t*(D) be given. Then appealing to [29, Theorem IV.5.1], (@14
is uniquely solvable, and moreover by the potential estimates from [29] Section IV.2] we have

0%u ou
[@] + [a} y < C(o) (HUOchm@) +r [U]a,a/2> ’
a2 a,o/2

where again C(0) does not depend on time. Using the maximum principle, we get |[ul|, < ||uo|,-

Arguing as before, we deduce ([£I0) for f = 0.

The general case now follows from linearity.
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B.5. Proofs of Results from Section

Proof of Lemma[f.13 Let f = f(z,t) = H <e(t), Q*(t), % (z, t)) From Lemma .12l we have
x
(B.19) lullezsassorzorioy < C0:0) (flaae + 87 o+ Ca+r'*8er).

We now estimate f in C*®/2. First, because H is decreasing in all variables, we (again) deduce
0 < f(x,t) < H(0,0,0).

Because H is locally Lipschitz by Lemma [£.T], and because €, Q*, and % are bounded with estimates
given in Assumption .7 Lemma [£10] and Lemma LTIl we have a constant C' = C(p, €(0), 0, M, @)

such that
8'17 Ca,a/Q)’

where [|€]|a/2 15 also estimated using Assumption B7 Using Lemma EII] and interpolation on
Holder spaces, we see that for an arbitrary § > 0, there exists Cs = C(4, p, €(0), o, ]\LHm()H//fa/2 , Q)

such that

0
I lass <€ <1 1o+ 2

[fllgaarz < dllullcataitarz + Cs.
Taking ¢ > 0 small enough, (B.I9]) becomes

lullgz o sarzxpozyy < C(on0) (Co + 3 H(0,0,0) + Ca + 7' ¥8 ¢y )
which proves ([L17). O

Before getting to the proof of Theorem I8 we establish the following lemma:

Lemma B.1. Let Q* € C/2 ([O,T]; [0, oo)) be given, and let Assumptions[{.7 and [{.§ hold. Then
there exists a unique solution u to the PDE

0 292 0
(B.20) a_? + %a—;; +H (e(t), Q* (1), a_:f) Cru=0, w(0,0)=0, u(z,T)=up().
This solution satisfies % > 0 and the a priori estimate
x
(B.21) [ullo2taitare < C (0,7, 0, H(0,0,0)) (1 Qoo —l—HUT||Cz+a> .

Proof. As above we set p = limgy oo P(gq) < 0. Fix a C*° function ¢ : R — (poo,00) such that
p(a) = a for all @ > 0. Define X = C>! (5 X [0,T]>. Let v € X and X € [0,1]. By Lemma [L.12]
Assumption 8] and the local Lipschitz property of H, we get a unique solution u to the equation

(B.22) du + 0——2@ + \H <E(t),Q*(t),1/J <@>> —ru=0, u(0,t)=0, wu(z,T)=ur(x),

ot 2 Ox2 ox
(1o 2],L)

This defines a map 7 : X x [0,1] — X. We claim that 7 is continuous and compact. Suppose

{vn, A\n} is a bounded sequence in X x [0,1] and let u, = T (vn, Ap). Then {u,} is bounded in

C2tel+e/2 which is compactly embedded in X, so it has a subsequence that converges to some u
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and u satisfies

0
HUH(/'QJra,lJra/2 S C <HQ*H007 -

Ox

@
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in X. To conclude that 7 is both continuous and compact, it is enough to show that whenever
(Uny An) = (v, A) in X x [0,1], then uw = T (v, A). But this can be deduced from plugging v, \,, into
(B.22) in place of v, A, then passing to the limit using the local Lipschitz property of H.

Notice that 7 (v,0) = 0. To apply the Leray-Schauder fixed point theorem, it remains to find an
a priori bound on solutions to the fixed point equation u = T (u, A). Note that for any such fixed

point, w = — satisfies, in a weak sense,
ox
ow 0% *w 0H B ou , (0w Jw ,
N + 2 922 + )\% (e(t),Q (t),v (8_x>) P <8_x> 2 v =0 w(z, T) = Aup(x).
Since u/, > 0, by the maximum principle we deduce ? =w > 0. It follows that u satisfies
x
ou  o?d%u v Ou
e + = 5 922 +)\H< (), Q*(t), _x> —ru=0, u0,t)=0, wu(z,T)=Aur(x),

Lemma [ T0 establishes an a priori bound on u; combined with Lemma 12 and using interpolation,
we deduce that (B:2I)) holds for any u satisfying u = T (u,\). By the Leray-Schauder fixed point
theorem [16, Theorem 11.6], there exists u € X such that u = 7 (u, 1), which means u is a solution
o (B:20)). Uniqueness follows from the maximum principle by standard arguments. ]

Proof of Theorem [[.13. Set X to be the set of all (v,Q) € C%* (5 X [0,T]> x C% ([0,7) such that

% >0 and @ > 0, and define 7 : X x [0,1] — X as follows. Let (v,Q) € X, A € [0,1]. From

H
Lemma ATl we know that the function 86— <e(t), Q(t), ?) is bounded and continuous with
a x
ov
I §0G®M®Q, )
By Lemma Bl there exists a unique solution m satisfying
om o2 Pm 9 ( 8H< v

0H ov
(0. 5) o
(B.23) % 2 02 T \ M e €(t),Q(1), %> m> =0, m|z—0 =0, m|i—o = mo,

and moreover we have Holder estimates (84) and (812). Now by Lemma 4] we can define Q*(¢)
by

o 8H e OV
(B.24) —— [A52 (0.0 0.5 ) amo,
and combining ([{3), (£8), (B4) and BI2), we have

0
B25) Q@ llcosz(roryy <€ <e<o>,||czuoo, -

Mmﬂﬂwwma>mﬂa4+ﬂ-

oo

ov

Setting f(x,t) = \H <e(t), Q*(t), 8_>’ we have, as in the proof of Lemma [Z.13]
T

21 (et +22],....)
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Thus, by Lemma [B.] there exists a unique solution u of

ou o2 d%u v Ou
E + 7 W + A\H <6(t),Q (t), 8_a;> —Tru = O, U’:c:O = 0, U‘t:T = )\UT

satisfying (B.21]), which in this case can be written

(B.27) lullezsassars < € (€0 1Ql Ivlees Imol.g, v -

Then we set T (v,Q,\) = (uv,Q*) € X. We need to show that 7 is continuous and compact.
Suppose {(vn, Qn, A\n)} is a sequence in X x [0,1], and let (u,, Q) = T (vn, Qn, An). Note that
by (B25) and (B27), (un,Q)) must have a subsequence converging to (u,Q*) € X, because
C2talte/2 y ca/2 i compactly embedded in €21 x C0. We now show that if (Uny Qs An) = (0,Q, N),
then (u, Q*) = T (v, @, \). First let m,, be the solution of (B.23)) corresponding to (vy, Qn, \). By

Lemma B.1] we have that m,, is uniformly Holder in the dy metric, hence by passing to a subse-

(B.26)

0
quence it converges to some m in C ([O,T];ML_F). Since — is locally Lipschitz, we have that

H v H
w G (a0, 52) 5 a5
that m is really the solution to (B.23)) and Q* is the solution of (B.24]). Finally, we deduce that u is
really the solution to (B.26]) by taking the corresponding equation for u, and passing to the limit.
We have thus proved that 7 is continuous and compact.

<e(t), Q(1), %) uniformly. Combining these facts we deduce

It remains to show there exists a constant C' such that whenever T (u, Q*,\) = (u, Q*), then

ICw, @] < €.

But this is a consequence of Lemmas B 1T and 13| since AH and Aup satisfy all the same estimates
as H and ur. Now we can apply the Leray-Schauder fixed point theorem, which says that there
exists (u, @*) such that 7 (u,Q*, 1) = (u,@*). Letting m now be defined by solving (A.8])(ii), we
deduce that (u,m) solves the system (LS]). The regularity of this solution follows by once more
appealing to Lemmas B.1] and O

O

APPENDIX C. PROOF OF THE INTEGRAL ESTIMATE USED IN SECTION

The following proof is more or less the same as that of [2I, Lemma 2.1]. We include it for complete-
ness.

Proof of Lemma[57 Set h(t) = Bf(t) + g(t), so that (5.14) reads simply

t1
(C.1) f(t) < Af(to) +/ (ty— ) V2h(s)ds YO<to<t; <to+d
to
For arbitrary ¢t > 0 let n = |£|. Use (CI) n + 1 times to get
no t—js
(C.2) F(t) < AF0) + 3 A / (t = j6 — 8)"2h(s) ds,
=0 (t—(j+1)5)+

where s := max{s,0}. Note that

t_
t—(j+1)5<s§t—j5;»j:{ 5SJ
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So we define ¢(s) = (S — 4] 5) /2. Then (C2) implies
t -~ t=jo t—s ¢ o
(C.3) f(t) < AsTLf(0)+ /( A5 p(t—s)h(s)ds = As+1f(0)+/ A5 ¢(t—s)h(s)ds.

t—(j+1)6)+ 0

Let A > 1n(A4) and set £ = A — 2 In(A4) > 0. Multiply (C3) by e ', then integrate from 0 to T

to get
T
2\t —k(t—s) —As
/0 e M ft)dt < —f(0 / / —s)e “h(s)dsdt

T—s
0) + /0 /0 e " p(t)e  h(s) dt ds.

(n+1)d

> —kt _ = —Kkt(p —-1/2
/Oe o(t) dt Z/n et —né) "2 dt

n=0 g

o0 6
_ Z e—nné/ e—ﬁtt—1/2 dt
n=0

(C.4)

xl:s:sb
=

We now observe that

Applying (CH) to (CA), we get

T \ A 251/2 T N
o A T
| e 20+ = [ e (B +a(9) s
which implies (5.15]). O

C.1. Proofs of Results from Section 5.1l

C.1.1. Proofs of Results from Section [L 1.1l

Proof of Proposition[51l Step 1: For a fixed z > 0 set z = d(z)/2. We have chosen z so that
x —y >z for all y € [0, z]. Integrate by parts n times to get

g (@)
zZong n 8n—js . [e%S) N
= | G =y + 30 TS @ w6 + [ s =y )

Now multiply by z":

z"g:(:n t)

1 (% ,.,0"S L. OniTlg n (n
:;/OZH@x"(x y,t) dy—i—Zz Janjl(m 2, )20 ug / S(x— y,zué)(y)dy.
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By Corollary and the fact that S(z — -, ) is a density, we get

7

n—1
n 0" o o
- (a;,t)‘ < my ol +j§::0mn_j_1Hdau(<)a>Ho+‘ dmu™

o

Taking the supremum over all x, we get

< on (anOO + rfm"_j_ludjugj)uo +‘
=0

o"u

(C.6) ‘ ) d"ul"

0

Step 2: We proceed similarly to estimate v, but first we define

y
= [ re.s)ae
By integration by parts we have

o(, 1) // (x— 1yt — ) F(y, s) dy ds.

Calculating as before, we get

n+1 8n+15
(C7) 2"— Lz an —y,t —s)F(y,s)dyds

g, t [e%¢)
o ﬂS . a8 F
n— ] . ] a5 B n
+/ § Dzn—i — 2z, t—s)z —3xj (z,s) ds+/0 /Z o (x —y,t)z oy (y,s)dyds.

Now applylng Corollary in (C7), we get

v ¢ 1
2" — (2, )] < (Mpt1o +my t—s)" 2 su F(y,s)|ds
Tt @.0)] < (maerg ) [[6= 972 s [Fly.o)
! L1yl g O
+Z/O Mot — s) & 55t (+9)
Jj=1 0
Thus,
nanv n ! —-1/2
(CS) d (’7t) <2 (mn+l,a+mn,1) (t—S sup f 57 dS
ox™ 0 0 0<y<1
+2"Z Mp—i ot — )2 || 0 1f( s)
j=170 o 07~ 0

Step 3: Finally,

d(x)" T (x,t) = 2/0 d(x)" sy (x,t — s)(s)ds.

By induction we can establish a formula

an—l—lS LnTHJ - -
a1 (&:1) = 5(z,1) S (02T g o,
i=0
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where ¢, ; are coefficients defined recursively with respect to n. Multiply by =" to get, using (3.3)),

on+lg [=5) xg n—j
2" o (1,1) = (27) " Y2(0%t) 3 2z exp { — Z i1

and thus
n+1J n—j
L, OntLls L o0 1 22 |x|2
—1/2/, 2,\-3/2 [ £~ _lz
/0 sy (z,t)| dt < ]220 ‘cn+1,j|/0 (2m) (o) v| 5 exp 557 dt.

Use the substitution ¢ = f;—s to get

) 1/2 9 3/2 £2 " "T‘2
o)~ )" P 202t
— 0_2/ (2m) V25771 2 oxp {—g} ds < oo.
0

We deduce that for some constant ¢,,, not depending on =z,

2/0oo m”g;;ﬁ(az,t) dt < i,
and thus
(C.9) d" g%: ()| <tp sup |1[) |
£ 0 0<s<t
The estimates (C.6), (C.8), and (C.9) result in (5.6). O

Proof of Theorem [22. Define
ﬂj‘t / S$_y7 )u(]( )dy7
2(, 1) // S(x —y,t —s)f(y,s)dyds,

us(x,t) = —2 ax (x t—s) (¥(s) —u1(0,5) — uz(0,s)) ds.
0

Then by classical arguments (cf. [29) Section IV.1]|) we see that w = uj + ua + us3 is a solution to
(7). By the maximum principle, this solution is unique.

By Proposition 5.1l we have
ur (58], < My |luoll,

(c.10) sl < 8 [ (6= 002l
|w(-, H <M, Os<u[<)t|¢ —u1(0,5) —uz(0, )| .
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It also follows from Proposition 5.1l that

sup |u1(0,5)| < Mylluol,, ,
0<s<t

(C.11) s . .
sup |u2(0, s)‘ < sup M, [ (s— s')_1/2Hf(', s')Hn_1 1 ds’ = 2Mntl/2 sup Hf(, s)Hn_l .
0<s<t 0<s<t 0 ' 0<s<t '

Combining (CI0) and (CII)), then modifying the constant M, we deduce (5.5)). O

C.1.2. Proofs of Results from Section[2. 1.4 Let (u,m) be the solution to the finite or infinite time-
horizon problem, i.e. to System (8] or (L@). For a finite time-horizon we assume u(z,T) = up(z)
satisfies Assumption In addition, we will impose that ||ur|q. < Cy, for each n = 1,2,.... (For
n = 1,2, this is not a new assumption. For larger n, it is always possible to impose this restriction
at the same time as Assumption [.8]) We again take Assumption 7], and we denote € = €(0).

If H is n + 1 times differentiable, then, under Assumption I8 by Corollary we have

aZ-}—lH ~
ISAER (67 Q7 CL)

(C.12) Cyp:= max Gy,

= q <oo Vl<n,
0<€<e,0<Q<Q,0<as<M

where Q is given by [I9), M is given in Lemma FEI0, and c3 is the constant from Assumption A8
and can be made arbitrarily small. In particular, by Corollary [L6, we have that Cp can be made
arbitrarily close to (). By the a priori bounds proved in Section @l (see Theorem [L16]), we have the

following point-wise bound:
OTH ou
I (). —
aaz_;’_l (67 Q ( )7 81})

Proposition C.1. Let (u,m) be the solution to the mean field games system on a finite or infinite
time horizon T, i.e. either of System ([L8]) or (L6). Suppose (59) holds. Then for any n such that

H isn+ 1 times differentiable, we have

< Cy.

(C.13) sup Ou (1) < Bp(r)
tefo,7]|| 0% n
where By (r) is a decreasing function of r that depends on the constants Cy for £ =0,1,...,n.

Proof. Assume first that (u, m) solves the finite horizon problem. We proceed by induction. In the
first step we prove the base case n = 1, and in the second step we prove the inductive step. In the
final step we extend the result to the infinite-horizon case. Note that, by taking co small enough in

(C12)), the condition (53] implies
r > max {(zcoMn)2, 1} In(2M,,).

Step 1: Define

w(z,t) :e’"t%(:n,T—t), f(z,t) :e’"t% (H (e(T—t),Q*(T—t),%(:E,T—t)>) .

Then w satisfies

ow o2 *w
T 7?‘/524_“%”



We first calculate

/ fwn) dy‘

(C14)  _ |y (E(T_t)@*(T_ 0, gu (2.7 — )> _H (E(T—t),Q*(T— ), g$ (0, T—t))'

< 2¢"H(0,0,0),

using the fact that H is decreasing in all its variables (Lemma [E.T]). Next, since
oH ou ow
t) = — T — (T — T — — (z,1
flat) = 50 (1= 0.0 -0, 58 1= 0) @)
we have

(C.15) |d(z) f(z,t)| SCOHw(-,t)Hl.

By (C14) and (C13l), we deduce
17 Dlo,1 < Collw( )|, + 26 H(0,0,0).

We also know that ‘w(O, t)‘ < Me™. Now we apply Theorem to get

<M to) (t — to)/2C, , Aqem
i, < 36 ([l + ¢~ )20 s o, + 0

for all 0 <tg <t <ty+ 1, where
Ay :=2H(0,0,0) + M,

which can be made arbitrarily close to 2H(0,0,0) + M. Set § = min {(2CoM;)~2,1}. Then for any
0<ty<t<tyg+d, we deduce

(C.16) ts<u[;tHw Hl < 2M;, (Hw(-,to)Hl + AleTt) ‘
By using (CI6]) repeatedly, we deduce
. N |
Hw Hl (20M7) | £ +1H’w('70)H1+Z(2M1)H1A1€T(t_]5)
j=0

1— (QMle—ré) L%J +1
1—2Me"9

— (2My) 51|l ||, + 200, A€

We use the assumption

In(2M-
r > a( 5 ) :max{(200M1)2,1}1n(2M1)
and divide by €™ to deduce
8’LL 2M1A1
_ (. — <
O ( T t) L 2M1||UT||1 + 1 2M1€_T(200M1)72
and since Huﬁful <|Jur|lpz < Co we deduce
ou ~ 2N Ay
— ()] <2M;C =:B
t:;é%] ) ( ) ) ) = 102 + 11— 2M1€_T(200M1)72 1(7’)7

which is the base case.
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Step 2: Suppose for now that (C.I3) holds for n — 1; we will prove it holds for n. By using the
chain and product rules, we have

am—l am 8
&Eim—{ (z,t) =€ o <H <e(T —1),Q"(T — 1), 8_:: (z, T — t)>>

m—1 /—1 _ _
k‘ — 1 8k1_kj+1+1u akl"l‘lu
:eTt <.] >7($,T—t)7(l”T_t)
ZZ:% 1<k€<kel<z~;<k1<ko:m]];[0 kj+1 Qahi—kitatl Oxket1
8€+1H . ou
X 8aé+1 <E(T_t)7Q (T_t)aa_x(xaT_t)> vm:l,...,n

where we interpret an empty product as equal to 1. Then using Equation (C.12]) we have

8k k]+1+1 8kl+1u
kj—k
A sy (z,T —t)d(z)"™ oy (z,T —1)

e’“tmi:l 2 C%1—[</€+1>

=0 1<k, <---<ko=m =

< Collw(, )], +¢" Z 2 CZH ( kjt1 >

(=1 1<k, <---<ko=m =

ou

(7T—t) 8_33

('7T - t)

k:j—k‘jJrl ke

We deduce that there exists some constant An(r), depending only on Cy and By(r) for £ <n —1 as
well as the constant appearing in estimate (C.I4)), such that

G0l -1 1 < Collwl D, + (Aa(r) — M)e™

Since By(r) is decreasing with respect to r for £ < n — 1, the same holds for A, (r). We apply
Theorem again to get

[w( )], < My (Hw("%)Hn +(t —10)"*Co sup [Jw(-s)|],, + A"(T)eﬁ)
to<s<t
for all 0 <ty <t < typ+ 1. We will now use the assumption (59]), and the exactly same argument
as before yields

2M, Ay (7)

S 2Mn0n+1 + 1 . 2Mne—r(2COMn)72

7 1)

sup =: By(r).

t€[0,T]

n

Since Ay (r) is decreasing with respect to r, so is By (r).

For the infinite horizon case, if (u’, m”) denotes the solution to the finite time-horizon problem,
then its limit as 7" — oo is the solution (u,m) to System (L6). We deduce that (u,m) satisfies
(C13), with [0,T] replaced by [0, 0). O

As a corollary, we derive (5.10) and (B.I1]). To prove (5.I0), observe that

n—1 -1 ) )

kj — 1\ 9Fi—kivitly Qretly ot ou

= x,t r,t) ——= | 6, Q" (t), — (x,t) | ,

;1<k2< §1<k0 oo < ]+1 > axkj_kj+1+l ( ) 8(1}'kl+1 ( ) aa£+2 ( Q ( ) 8"1? ( ))
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o (oH [ .. du
10 e (G (@0, 55 w0)

OFi—kiritly, ke oret1y,

n—1 -1
k:—1 L
<> % eI (57 aws e S e S
Jj=0

=0 1<ky<--<ki<ko=n J+l

S"i 5 C“ljlj(l]<kj_1>'au L

(=0 1<ky<--<ki<ko=n J+l

Thus (5I0) follows from (C.13). The proof of (G.II) is similar: use the formulas (B.3)) and (B.4),

taking successive derivatives and applying Equation (EI0).

ou
a_ ('7t)

k:j—k:j+1 ke
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